BO GIAO DUC VA DAO TAO

TRUONG DAI DUY TAN

Khoa: Khoa hoc ty nhién.
B6 mon: Toan
Giang vién: TS. Dang Van Cuong

TOAN CAO CAP A1l

(Vi du va Bai tap)

Da Néng - 2013



Chuong 3

Tich phan va ing dung

3.1 Dinh nghia va tinh chat cta tich phan xac dinh

1
Vi du 3.1.1. Tinh tich phan: I = [ 22
0

Vi f(z) = 2? lien tuc trén [0, 1] nén n6 kha tich tren [0, 1], do d6

1 n
I :/ 2= lim OZS’?A%.
0 i

max Ax;

Ta phan hoach [0,1] thanh n doan bing nhau, nghia la z; = %, ta coO Az; = x; — 22 =

— % = % Vi. Chon &; € [x;_1,x;] tuy ¥, va 6 day ta chon & = x; = :—l Khi d6 max Az; — 0

3 |-

tuong ting véi n — oo, do do

1 n SN\ 2 n
2 1. 1 o1 o . 1Inn+1)2n+1)
I —Jz&Z(a) PR LD DU L B e S

=1

1
Vay I = [a? = 3.
0

Vi du 3.1.2. Tinh tich phan I = fzdf

Vi ham s6 f(z) = 2 lien tuc tlrén [1,2] nén né kha tich trén doan d6. Phan hoach doan
[1,2] thanh n phan theo cac diém chia sau: 2; = 2/"; (i =0,1,2,...n), cu thé 2o = 2°/" = 20 =
Loy =2V say, =20 =2V =2, Ta cd Aw; = x; — 11 = 29/ — 20-D/n = 26=1)/n(91/n _ 1),
vay max Az; = 20=D/"(21/7 — 1) va max Az; — 0 khi n — oo. Chon & = z; = 21/, Khi dé

> dx & 1 - 1 ,
— = — lim E .~ — lim E (i=1)/n (9l/n _

1

- 1 2!/m — 1
i=1
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Trong két qua trén ta da st dung cong thiic 2/" — 1 ~ (1).in2 khi n — oc.
BAI TAP

1. Tim tong Riemann clia cac ham véi s6 cac phép chia dude chi ra.

(a) f(x)=2—22 0<z<2n=4v6i quy tic diem giita.

(b) f(z) =lnz -1, 1 <z <4, n=6 véi quy tic chon diém dau mut bén trai, chinh

xac dén 6 chit s6 thap phan.

(c) f(z)=+x—2, 1 <z <6, n=>5V6i quy tic diem giita chinh xac dién 6 chit s6 thap
phan.

2. St dung quy tac diém gitta v6i gia tri n da cho dé xap xi tich phan lay chinh xac dén
6 chit s6 thap phan.
10 ™
(a) Vad + ldx; n=4 (b) / sec(z/3)dx; n =16
0

2

2 4
/ V1+x%dr; n=10 (d) / rlnzdr; n=4
2
3. Biéu dién cac gi6i han sau nhu mot tich phan Xac dmh trén khoang da cho.
) lim sz sin x;Az;; [0; 7] (b) lim Z Axl, ;5]
i=1
) lim Z V2xE + (x7)2Axy; [15;8] (d) lim 2[4 —3(x)* 4 6(xF)’]Axy; [0;2]

=1

4. Tinh cac tlch phan sau bang Dinh nghia.
5 5 2
(a) / (14 3z)dx (b) / (24 3z — 2%)dx (c) / (2 — 2%)dw
-1 1 0

5 2

(d) / (1+ 22%)dx (e) / ridx

0 1
5. Biéu dién cac tich phan sau bang giéi han ctia mot tong Riemann, khong can tim gia
tri cia gidi han.
6 T 10

(a) /2 1+x5d1‘ (b) /1 (x —4lnz)dx

6. Tinh cac tich phan sau bang cach biéu dién né theo dien tich.

(a) /03(%:5—1)@ (b) /ZMCM (c) /Z(l—l—ﬂ)dm

(d) /j(B—Qm)dm (e) /21|a:|da: (f) /010|x—5|dx
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7. St dung (a) Quy tic diém gitta; (b) Quy tac Simpson dé xap xi cac tich phan sau véi
gia tri n dugc chi ra.

™ 1
9.1. / z?sinxdr, n=8§; 9.2. / e Vidr, n=6
0 0

8. St dung (a) Quy tiac Trapezoidal; (b) Quy tic diém gitta; (c) Quy tac Simpson dé

xap xi tich phan véi gia tri n duge chi ra. (Lam tron két qua dén sau chit s6 thap phan.)
v 2 1 > Inx
a e “dr, n=10; b / —dz, n=10 c / d:c n =10

3 dt 4
(d) / m,nz@ (€) / eVidt, n =$8; /\/“L Vadz, n=8
0 0

5 6

(9) / cos:cdz n=_,; (h) / In(x 4+ 3)dz, n=10; (i) / ! ——dy, n=6.
1 1

9.

o 1+9¢°

a) Tim xap xi Ty vd My, ddi véi tich phan [7e=*"dx.
0
(b) Uédc lugng sai s6 clia cac xap xi trong phan (a).

(¢) Can chon n bé nhat 1a bang bao nhiéu sao cho cac xap xi T,, va M,, trong (a) c6

sai s6 nho hon 0,000017
10.
(a) Tim xap xi Ty va Mg ddi véi tich phan [} cos(a?)dz.
(b) Udc lugng sai sb clia cac xap xi trong phan (a).

(c) Can chon n bé nhat 14 bang bao nhiéu sao cho cac xap xi T,, va M,, trong (a) c6

sai s6 nhé hon 0,000017
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3.2 Nguyén ham va tich phan bat dinh

Tit bang cic dao ham co ban, bang phuong phap suy ngude ta dé dang suy ra dudc

bang cac nguyén ham co ban sau day.

1)/ “d _,f)j'a+1+c( 7& >0) 2)/d _ +C 3)/dl'_l||+0

2z =~ (o # o 0 adr = ax —=lnfz ,

4)/a$da::li—a—l—0, (x >0,a #1); 5)/cosxdxzsinx+0; 6)/sinxd:v:—cos:v+(];
dx dx A

7)/COS2ZE = lgr+ 8) /sin2x = —cotgz +C; 9) /l—l—x? = arctgr + C;

dx
10) /ﬁ = arxsine + C
3.3 Dinh li co ban cia phép tinh vi tich phan

2
Vidu 3.3.1. Tinh [ (2®+ 1)d.
-1

2 7 24
[—/(x6—|—2x3—|—1)dx— T4
. 74

Ta co
2

_ 405
147

-1

Vi du 3.3.2. Tinh gid tri trung binh ctia f(x) = sin?x trén [0, 27].

Ta co:

2 1

1 2 . 1 27 1 1 .
= — sin“ xdr = — (1 —cos2x)dr = — [z — = sin2x
2w Jo AT J, AT 2

0

2

Vi du 3.3.3. Tinh dao ham ctia F(z) = cosz. [ e~ dt.

F'(z) = —sin /x e~ dt + cos (/w etht> = —sinx/x e Pt + COSJJ(2JC.€’Z4 - 642).
3.4 Cac phuong phap tinh tich phan

3.4.1 Phuong phap déi bién

Vi du 3.4.1. Tinh [(223 + 1)"2%dx.
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Dat u = 22% + 1, ta ¢6 du = 622dx. Do dé
du 1 1
24°)"2d _/7—_—8 C=—2+1)°+C.
/(x)xw u' =gt 48(x+)+

Vi dy 3.4.2. Tinh [ #2679 gy,

Dat « = 3Inz thi du = 3dz/z rdi thay vao tuong ty nhu trén. Tuy vay ta c6 thé viét

tat su doi bién nay nhu sau:

1 1
/Sin(3ln:p)d—x =3 /sin(?)lnx)d(?)lnx) =—3 cos(3lnz) + C.
x

10
- ¢ 3
Vl du 3.4.3. Tinh {ﬁdl’

St dung phép doi bién truc tiép trong qua trinh tinh ta cé:

/10 3 10 s 3 [10 s 3 [ul10) s
———dxr = 3(bx — 1)~ dx:—/ br— 1)~ d(5x—1):—/ u ' *du
2 VvV or — 1 2 ( ) ) 2 ( 5) u(2)
u(10) 10
= §u1/2 = — (50 — 1)%/? :%.
5 u(2) 2 5
w/2 /2
Vi du 3.4.4. Ching minh réing [ cos” zdz = [ sin™axdz, Vn € N.
0 0
bat u = 7/2 — x thi du = —dz. Ta ¢6
w/2 w/2 w/2
/ cos” xdx = /sin(ﬂ/2 —z)dr = — / sin” x(7/2 — x)d(mw/2 — x)
0 0 0
u(m/2) 0 /2 /2
=— / sin” udu = — / sin” udu = /Sin” udu = /sin” xdx.
u(0) /2 0 0

Vi du 3.4.5. Phép doi bién & = asint thuong c6 thé ap dung cho ham duéi dau tich phan c6
chita Va2 — 22, a # 0. Chang han tinh [ = [ wgl—%z, doi bién x = asint,dx = acost, thi
a costdt x
[:/—: dt =t+ C = arcsin— + C.
ay/1 —sin?t a
Chii y rang dé v/a? — 22 ¢6 nghia thi —a < o < a, nén —7/2 <t < 7/2. Do d6 cost > 0 va

V1 —sin?t = Vcos?t = cost.

Vi du 3.4.6. Phép doi bién x = atgt thuong c6 thé ding khi ham dudi dau tich phan c6 chita

—+= hotic Va? + 22, a > 0. Tat nhien ta chi can lay —7/2 <t < 7/2 thi z 1ay v6i moi gia tri.
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Do d6 cost > 0 va Va2 + 22 = ay/1 + tgt =
Chang han, tinh [ = [ -2

_ a

\/@_@'
2+2 bat x = atgt, dx = adt

. Ta co

adt 1 1 1 x
/aQ(tg%—i- 1) cos?t a/ a + a9y *
Vi du 3.4.7. Phép doi bién = =

—4 ¢6 thé dung khi ham dudi déu tich phan c¢6 chia

Va2 —a?, a > 0. Khi d6 Va2 — a? = ay/ CO;Qt — 1 = ay/tg*t = altgt]. Viec b6 dau tri tuyet doi
la tuy truong hop.

Néu z > a thi 0 < t = arccos® < %, nén tgt > 0.

Neux<—ath1 <t =arccos? <7, nén tgt < 0.

Ching han, tinh I = fﬁ’ a > 0. Trude hét gid st & > a. Doi bién z = %, dx =
“tgtdt va \/2? — a? = atgt. Do d6
o [ _/ d(t+7%) _/ dt+3%) _/ d(z+7)
~J cost ) sin(t+3%)  J 2sin(f+Z)cos(f + %) tg(s +3)cos? (5 4+ %)
d(tg(t + 1)) 1+tgl (1+1tg3)?
= [ ——=—2 =In|t —)|+C =1 2l +C =1 2| +C
/ tg(L +’T) " 9(2 >) "1l "1 tg2(D)
|Ltte’s 2t 1
= C=ln|— +tgt|+C
1—tg 1 —tg*% * ncost+g *
R
Y T = In|z + Va? — a?| + (4,
a a
v6i Cp = C — lna.
Truong hop © < —a, ta dat u = —x thi u > a. Ta ¢6
du 1 r+ Va2 —a?
— | ——=-lnfu+ Vit a?+C=In
/\/uz—a2 | |

+C
—x+ Va2 —a? x+ 1?2 — a2

N/ r2 2
—a

vil Cy = C' — 2lna.

Vay trong ca hai trudng hop ta c6 I = In|x + va? — a?| + C.

3.4.2 Phuong phap tich phan ting phan

Vi du 3.4.8. Tinh [ = [ ze**dz.

Dat u ==z, dv=e*dr = v=1/2.e*. Ta c¢6

1 1 x e%r
I = ] 2x — 7= 2z Z 2x . 2r )
/:Ue dx xQe /26 dx 26 T +C
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Vi du 3.4.9. Tinh [ = [ 24

cos?zx”

Dit u(z) =2, dv=-% = v =tgz. Ta ¢

cos? x

= /:cd(tgx) = xtgxr — /tg:cd:c = xtgxr — / el

COS T

d
= xtgr + / (cosz) = ztgx + In|cosz| + C.
cos

Vi du 3.4.10. I = [ z3(Inx)?.

o 4 -
Dit u = (Inz)? = du = 2229 dy = 23dx = v = Z-. Ta c6

T

e 4 e 1 e 4 1 e
I= [ 2%(nx)* = x—(lnm) - —/ Plnr =S — —/ 23Inx
1 1 2 4 2/
et 1 /et 1° 1 e 5 1
=———|—=I - = Yy | = —=e' — —.
1 2(4”‘751 4/1:75 x) 32° 32

Qua cac vi du tren day va bang cach tinh truc tiép ta c6 bang bo sung cac nguyen

ham co ban.

d 1
11) /—x = —arctgE +C,a >0,
a a

T
5 5 =arcsin—+ C,a > 0,
e+ a a

A=

dz dz 1 T +a
1 — = 2 14 —_— = —
3) /\/m In|]z + Va2 + b+ C, ) /a2 — 2aln — | +C,
dz x dz x m
15 = In|tg=| + C 16 =lInltg(< + — C
) [ g = mlgg)+ . ) [ S =tnltg(G + DI+ C
17) /tgxdx = —In|cosz|+ C, 18) /cotgxdx =In|sinz| + C.

3.4.3 Tich phan cac phan thic hau ti

Vi du 3.4.11. Phéan tich phan thitc wf;% thanh tong cac phan thitc don gin.

Truée hét ta ¢

.’I‘2+1 . A 4 Al i AQ i B
(z—13x+3) 2-1 (z-1)2 (r—13 x+3

Quy dong mau thic ta dugc:
2?4+ 1=Alx —1)*(x+3)+ Aj(x — 1)(x +3) + Ay(x + 3)B(x — 1)*. (3.1)

Cho x lan lugt céc tri 1,—3 ta nhan duge Ay = 1/2, B = —5/32. Dong nhat he s6 cia
23 ¢4 hai vé (3.1) ta dugc 0 = A+ Bnén A = —B = 5/32. Lai cho z = 0 ¢ (1.2) ta dugc
1 =34, —3A; +3A — B. Suy ra A; = 3/8. Tém lai ta dugc
2+ 1 ) 3 1 5

@—1P@+3) 32@—1) 8@—12 2@-17 32@+3)
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Vi du 3.4.12. Cho phan thic 1.
a) Phan tich phan thitc thanh tong cic phan thiic don gian.
b) Tinh tich phan I = [ $5d_zx2.

Giai:

a) Trude hét ta phan tich mau thitc thanh tich cdc nhi thitc bac nhat va cac tam thic bac

hai vo nghiém. Ta ¢6

Do dé

b — 12 T T

Quy dong mau thic ta duge

l=Az(x —1)(z®+ 2+ 1)+ Bz — 1)(2* + 2+ 1)+ (52)
3.2
+Cx*(2* + 2+ 1)+ (Dx + E)2*(z — 1).
Thay = = 0, roi z = 1 vao ta dugc B = —1, C' = 1/3. Dong nhat hé s6 cta z*, 2%, 2? & hai

vé (1.4) ta duge

A+C+D=0, A+1/3+D=0, A=0,
B+C+E-D=0,<4 —14+1/3+E-D=0,%4 D—1/3,
C—E=0. 1/3— E =0. E=1/3.

Vay
1 1 1 r—1

x5—x2__ﬁ+3(x—1)+x2+x+1'

b) T cau a) ta c6

I dm+1/ dx 1/(m—1)dx 1—1—1[\ 1 1/2I+1—3d
= =4+ — = —F—=—+-lnjJz—-1]— = | ———dx
2 3)xr—-1 3) 2242z+1 2z 3 6/) 2?4+x+1

11 1 1 dx
==+ Zlnjz — 1] — =In(2? 1)+ =
$+3n|x | 6n(:r +93+)—|—2/(x+1/2)2+3/4
1 1, (z-1)% 1 2z + 1
=+ -In—+—+ —arctg———+C.
x+6nx2+x+1+\/§arcg V3 "

Vi du 3.4.13. Tinh tich phan [ = [ 22524513, dg.

Stt dung phuong phap bat dinh, sau khi tinh toan cu theé ta duge két qua

222 4+ 2z + 13 1 T+ 2 3r+4

(z—2)(22+1)2 z-2 2241 (22+1)%
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Do dé

I:/ dx _/(x+2)d:v_/(3:v—|—4)dx:ln|x_2|_
x—2 2?2 +1 (22 +1)2
1/d(x2+1) / dx 3/d(x2+1) / dx
S e 2 NN A A e e e A
2 2?2 +1 2+1 2 ) (22+41)2 (22 4+ 1)2

T cong thiic truy hoi (1.1) ta ¢6

I / da ° + L tgx + C
— = —arctgx :
2 @+ 12 202+1) 20T
Do d6

1, (z—2) 3 4dx

I=-1 — 2arct = — 2arct C
2n o arcgm+2<x2+1) 22+ 1) arctgr +
1 (z—2)? 13— 4z
= §ln o darctgr + 3 2 +C.

Vi du 3.4.14. Tinh [ = [ 2%
Néu ta ct tuan theo quy tic thi phai tinh 5 tich phan loai I va II. Bing cach doi bién

t=xz—1tacod

(t+1)? /t2+2t+1 / / 1 2 1
[= [ —dt= dt = 2 ——————+C
/ £ £ * 22 33 4p
1 2 1 622 —4x—l—1

T 2@—12 3x—1P3 4(z—1)* TO=- 12(z — 1) +C.

3.4.4 Tich phan cac ham lugng giac

-, z. _ dz
Vl du 3.4.15. Tinh [ = m.

bat t = tg35, ta co

dt dt 1 1
/2t2+8t+8 /(t+2)2 t+2jL tg§+2jL

b) Mot sé trudng hop dic biét. (1) Néu R(—sinz, —cosz) = R(sinx,cosz) thi

dat t = tgx hodc t = cotgzx.

(2) Néu R(sinx, —cosr) = —R(sinz, cosz) thi dat ¢ = sin .

(3) Néu R(—sinw,cosr) = —R(sinz,cos ) thi dat ¢ = cos.

(4) Tich phan dang [ sin™z cos” zdz. Néu it nhat mot trong hai s6 m va n 1a s6 1é
thi roi vao mot trong ba truong hop trén. Néu m va n 13 hai s6 chin va c¢6 it nhat mot
s6 am thi dit ¢ = tgz. Néu m,n déu chin va duong thi diing cong thic géc nhan doi dé

bién déi tich phan.
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Vi du 3.4.16. Tinh I = [(sin® z cos® z + cos z)dz.
Ham duéi dau tich phan 1é theo cosz, nén ta diat t =€ z. Khi d6 dt = cosx va ta co
3 44 .3 .4

t sin sin
I=[[FA-)+1dt=—-——+t+C ="
/[( ) + 1] g g Tt 3

Vidu 3.4.17. Tinh [ = [ do

sin® +2sin z cosz—cos2 z °

Xét thay ham duéi dau tich phan thod man truong hop (1) nén ta dat ¢ = tgz. Khi d6

t 1
r =arctgt, dv = ——,sinx = , COST = ——.
g 1+ Vite VIite

Thay vao tich phan ta dugc

I:/ dt :/ dit+1) 1 lnt+1—\/§+c
2 +2t—1 (t+1)2—(vV2)?2 2v2 |[t+1+V2

_ 1 |ter 41— V2

_2\/§ Ifgalz—i—l—l—\/§ .

Vi du 3.4.18. Tinh [ = [ sin® zdz.

Day 1a truong hop m,n chén, duong. Ta c6

1 1 1
I= /(1 — cos 2z)*dr = Z/(l — 20827 + cos® 2z)dx = % - Zsin2x+§/(1+cos4x)dx
1 in4 3 1 1
Zsin2x+§+8122x+02gx—zsin2x+§sin4:p+0.

N

3.4.5 Tich phan mot sé6 ham vo ti

a) Dang [ R(x,z™™,...,2"/*)dz v6i R ham h@tu ti, m,n,r s € N.
Gia st k 1a boi s6 chung nhé nhat clia cac mau s6 n,...,s thi 2 =22 2 =7 Djt

r = t*, ta dugc
/R(%ﬂ?m/n,---,x"/s) d:v:k/R(tk,tml,...,t”)t’“_ldt,

la tich phan ctiia mot ham hitu ti.

Vi dy 3.4.19. Tinh [ = [ V2=V,

Diat x = t® ta dugc

2 —t tdt 8dt d(t* +1)
=8| ——t7dt = — =4 [ —5—— —8arctgt
8/t8(t2+1) 8/t2+1 /t2+1 / Zeq Syt + G

= 4In(t* + 1) — 8arctgt + C = 4In(/x + 1) — Sarctgyx + C.
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b) Dang [ R (x, (‘””*b)% ey (22E )£> dzr, v6i R 1a ham hitu ti.

cx+d cx+d

Goi k 1a boi chung nhé nhat clia cac mau n, ..., s. Dat ”IS = t*, ta cing hitu ti hoa

dugc tich phan trén.

_J‘ 3/z+1 dx
- r—1"x+1"

Vi du 3.4.20. Tinh [ = f?’(_?ﬁ

Pat £ = % ta duge @ = 55, de = G5%dt, v+ 1=

3dt 1 t+2
[=— [ 2 =— (- dt
/t3—1 /( t—1+t2+t+1>

[ dt 1/(2t+1)dt 3/ d(t +1/2)
= —_— —+
(

i1 2) eriv1 "2) Gri2r13/4
1 2t+1
= —In|t — 1|+ =In|t®> + t + 1| + V3arct +C,

VOl t = {2
c) Dang [ R(z,Vax? + bx + c¢)dz, a # 0.

Ta c6
b

2a

b? — dac
4a?

)2
Dat uw =2+ 5= thl du = dzx va ta dudc cac dang sau:
(1) Néu b* — dac > 0 : Vaa? +br +c = avu? —a? khi a > 0 va Var2 +br +c =
v—ava® —u? khi a < 0, trong d6 o? = 2 =3
(2) Néu b* — 4ac < 0 khi d6 hién nhién a > 0 va ta c6 Vaz? + bz + ¢ = \Javu? + a2,

Z _ b”4ac
trong d6 a = —*3¢.

ar’ +br+c=a|(x+ =—

3.5 Tich phan suy rong

3.5.1 Tich phan suy rong loai 1

+oo
Vi du 3.5.1. Xét sy hoi tu, phan ky va tinh I = [ %5
0

Ta co
b

/b du ¢ tgb
= arctqgx —= arc .
0 1+ZE2 g 0 g

Tu dé suy ra I = lim arctghb = =7.

b—~+o0

Vi du 3.5.2. Xét tinh hoi tu ciua f da, a>0, a>0.

Ta xét cac truong hgp sau:
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’ +oo
Néua=1: f df = lnm’i = Inb — Ina — +o00 khi b — oo, vay tich phan f (i:_:c phan ky.
(Zb ) p
Neu 07 7£ 1 f —2 = ﬁxl_oﬂa — L(bl—a _ a/l—a)'

11—«

Khi o > 1, thi lim '~ =0 nén f—h01tuva f dz _ a

b——+00 a—1"

Khi o < 1, thi lim b = 400 nén f phan ky.

b—+o0

3.5.2 Tich phan suy rong loai 2

Vidy 3.5.3. Tinh [ = [1)

Xét thay lim \/1+7 = xll)l{lﬁ \/1+7

r——11

= 400, nén theo dinh nghia ta c6

I‘/m /1—&:2 /01\/%'

Ta co
0 T . O dx lim ( inc) m
= — lim ——— = lim (—arcsinc) = —
aV1I=a22 e+ ), 1—a22 1t
/1 x ! ¢ dr lim ( inc) s
- — lim ——— = lim (arcsinc) = —.
0 ‘/1 . sz c—1— 0 1 — ZUQ c—1— 2
Vay nén [ = 7.

b
Vi du 3.5.4. Xét sy hoi tu ctia tich phan [ = [ (bfﬁ)a, b>a, a>0.

Xét thay hIlI)l m = +oo nén [ la tich phan suy rong loai 2.

lea—l.fb T2 = In(b— a) — lne — oo khi e — 07,

Véi a # 0: fb € dm — L[glfa_(b_a)lfa]

l—«
(b—a)lfo‘
a—1

Néua<1,th151_a—>0khis—> nenf = a:)"‘ =
Néu o > 1, thi e!7* — 400 khi ¢ — 0" nén tich phan I phan ky.

Tom lai f b — hoi tu v6i a < 1 va phan ki v6i a > 1.

3.5.3 Mot sb tiéu chuan hoi tu cta tich phan suy rong

Vi du 3.5.5. Xét tinh héi tu, phan ki ctia tich phan f1+oo 1%dw. Vé6i x> 1 ta co

NS T _ 1
l+2 z4+x 27

Do [/ & 7% phan ki (o =1/2 < 1) nén [ 1+xd$ phan ki.
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Vi du 3.5.6. Nghién cttu sy hoi tu cua tich phan fl
Ta c6 0 < f(z) =
¢6 tich phan |, 1+

1+:r:10

1+:v10 < —5. V1 tich phan f1 9 hoi tu neén theo tieu chuén so sénh ta

1+ —- hoi tu.

Vi du 3.5.7. Xét sy hoi tu cua tich phan eroo fjﬁ; dx.

Ta c6 % ~ 1/2 khi x — +oo, tiic 1a k = 1. Ma +°° Cll“’fz phan ki nén f+°° f+/2d:v phan
ki.

Vi du 3.5.8. Nghién citu sit hoi tu ctia tich phan f;oo

dzx
Va(z—1)(z—2)

1 1 1
N e s BN (e v T}

Khi # — +oo f(z) 1a vo cling bé bac 3/2 so véi 1/x. Vay theo tieu chuan 2 thi tich phan

Xét thay

da cho hoi tu.

Vi du 3.5.9. Xét sy hoi tu ctia tich phan fl sin 193/‘” dz.

Xét thay khi 0 < z < 1 thi
1

S\/E'

Sml/x dx hoi tu. Vay tich phan fl Sml/zd hoi

sinl/x
N

Vi tich phan fo hoi tu nén tich phan fo

0<

tu tuyet doi nén né hoi tu.

Vi du 3.5.10. Xét sy hoi tu cia tich phan

I:/OM

esinz 1
Xét thay ham dudi dau tich phan duong trong (0, 1] nén c6 thé 4p dung Dinh 1i so sanh 3.6.
Khi z — 0" ta co

In(1+ ¥z) z'/3 1

. ~ .
esinz _ 1 €T 12/3

In(1+ V) ~ 23 % — 1 ~sing ~ =
Mat khac ta co fol x‘% hoi tu (do @ = 1/3 < 1) nén tich phan can xét cling hoi tu.

Vi du 3.5.11. Xét sy hoi tu cia tich phan

1 oF
1= ——dx
/0 v/1—cosx

Xét thay lim, o+ \/7 = 400 va khi 2 — 0T thi

l—cosz

V2 ex V2
\/l—cosx—\@sm—w—xe - 12—~ —.
2 v/1—coszx 2

8=
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Suy ra

e.ﬁE

1
lim ——: — =
x

z—ot /1 — cosx

Mat khac fol df phéan ki nén I phan ki.

ol

3.6 Mot sbé ing dung cta tich phan

3.6.1 Dién tich hinh phang.

Vi du 3.6.1. Tinh dién tich ctia Cycloid

T = at + asint

Yy = a — acost

v6i 0 <t < 27. Theo (?7) ta ¢

27 2
1 2t
S:/ az(l—cost)zdt:az/ (1—200815—{-—’_0%)6%
0 0
" in 2t 2m
=a*(t — 2sint + 7t SH; )| = 3ma*don vi dien tich.
0

3.6.2 Mot sbé iing dung Vat 1y - Ky thuat

Vi du 3.6.2. Mot hanh tinh hinh cau, band kinh Rkm c6 mat do thay doi theo khoang cac r

tlr tam theo cong thic

Po 3
= kg/km”.
P9 9/ km

Hay tim khéi lugng clia hanh tinh.
Ta thay mot 16p cau moéng, ban kinh r, do dai dr c6 thé tich 1a dV = 4nrdr. Yéu t6 thé

tich nay c6 khdi luong 1a yéu t6 khoi luong

4 2
AL

dm = pdV = T2

Do d6 khéi lugng cia hanh tinh 1a

=4 / r =4 (R t R)/{g
m = = — arc .
£o o 1 r2 Po g

Vi du 3.6.3. Tim khéi lugng mot dia kim loai ban kinh acm va tam & goc toa do trén mat

phiang Oy, v6i mat do p(x,y) = k(2a + x)g/cm?, k=const.
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Ta lay yéu t6 dien tich la gidi thing ding tai x véi do rong dr thi dS = 2va? — x2dx,
dm = pdS = 2k(2a + r)v/a? — x2dz. D6 d6 khdi lugng clia ca dia la

m = Qk/ (2a + z)Va? — z2dx = 2nka’g.

b) Mémen va tam khéi lugng.

Trong co hoc ngudi ta goi momen clia khoi luong m dat 6 vi tri z trén truc Oz ddi véi
diém z = 0 1 lugng 2.m, hay tong quat hon moémen déi véi diem = = zy 1a (z — z).m.
Néu c6 nhiéu khdi luong mq, mo, ..., m, dit cac vi tri =1, 2o, ..., z, tuong ingthi momen
ctia he d6i vé6i diem 2 = z, 1a

n

szwo = Z(ZCJ — xo)m]’.
=1
Tam khoi lugng clia hée cac khoéi luong néi trén la diem 7 ma momen cta hé doi véi

n6 bang 0. Do d6

n

n n
= g (x; —T)m; = g rym; —T 5 m;.
j=1 j=1

J=1

Do do

(3.3)

Y nghia ctia tam khéi lugng: Néu coi truc Oz la soi day thép khong trong luong,
tren do c6 dat cac khoi lugng m; tai x;, j = 1,2,...,n, thi c6 thé treo soi day thép do tai
7 ma day van nam ngang can bang.

Bay gio, gia sit ¢6 mot phan phoi khoi lugng mot chiéu trén truc Oz véi mat do 1a
ham p(z), phu thuoc z trén doan [0, a]. Hay tinh momen ctia hé va tim tam khdi lugng.

Ta thiy yéu t6 do dai dr & tai x sé chita khoi lugng dm = p(z)dr va d6 d6 c6 momen
dM,—o = xdm = zp(z)dx
d6i v6i diém x = 0. Do d6 momen ctia hé 1
M,—o = /a xp(x)de.
0

Theo (3.3), ta c6 tam khdi lugng 1a

Muso  J2aplo)da
m Jy p(z)dx

T =



69

Vi du 3.6.4. Xéc dinh tam khoi lugng ciia mot day kim loai chiém doan [0, L] trén truc Oz,
néu mat do 1a p(z) = .

Khéi luong ctia day 1a

L 2
L

m:/ zrdr = —.
0 2

L 3
L

M,—o = / z2dr = =—.
0 3

2L
5

Momen véi x = 0 1a

Do d6 tam khdi luong 6 vi tri 7 =

Truong hop hai hodc ba chieu: Ta ciing ¢6 dinh nghia va cong thiic tuong tu nhu trucng
hop mot chiéu trén day. Ta xét chang han trudng hop hai chiéu. Gia st c6 céc khoi lugng
m; dat tai (z;,v;), j = 1,2,...,n. Ta goi momen ctia hé ddi véi z = 0, titc ddi véi truc Oy 1a

n n
M,—o = > z;m;; momen cua hé doi véi y = 0, tic la doi véi truc Ox 1a M, = > y;m;.
o 7=0

7j=1
Tam khéi lugng ciia he 1a diem (7,7) véi

n n
x’m y.m‘
__Mx:o_j;] 3 __My:o_gﬁ 1
T = m _ n ) Y= m - n
> my > my
j=1 j=1

Déi v6i trusng hop khéi luong phan phdi lien tuc ta xét mot vi du lam dién hinh.

Vi du 3.6.5. Tim tam khéi lugng ciia mot dia nhom phang c6 hinh 1a mién 1a hinh thang cong
gidi han bdi a < 2 < b,0 <y < f(x), néu mat do tai diém (z,y) 1a p(z) (chi phu thuoe vao ).
Ta c¢6 yéu t6 khoi lugng tai (z,y) 1a dm = p(x) f(x)dz, cho nén momen ctia n6 ddi véi truc
Oy la
dM,—o = zp(x) f(x)dz.

Vi mat do p(x) trén yéu t6 khoi lugng nay 1a ¢6 dinh (z ¢6 dinh), nén 7, = 1/2f(z) (diem

gitta). Do d6 momen ctia yéu t6 khoi lugng lugng nay doi véi y = 0 1a

_ 1
dMy—o =Yg, = §P($)(f($))2dx-
Vi vay ta co
b M,_ M,—
m= [ o) 7= T g, (3.4)

Vi du 3.6.6. Tim trong tam hinh hoc ctia hinh thang v6i cac dinh

(0,0),(1,0),(1,2),(0,1).
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Ta thay hinh thang 13 hop ctia hai hinh roi nhau, mot hinh vuong va mot tam giac.
Ta c6 trong tam hinh vuong la (z,,vy,) = (1/2,1/2) va dién tich 1la S; = 1. Tam giéc c6 trong
= (2/3,4/3) va dién tich la Sy = 1/2.

tam hinh hoc 1 giao diém ctia ba trung tuyén, (x, ;)

Ta c6
Mm:O = Mv,m:O + Mt,z:O = Slfv + SQEt =

Cﬁl\]oﬂo—‘

MyzO = Mv,yzO + Mt,y:O = Slyv + SQyt -

Dién tich ctia ca hinh thang la S7 + S, = %, nén trong tam hinh hoc la

(7,9) = (22%%) N (gg)

Vi du 3.6.7. Mot binh chita day nuée c6 dang hinh nén tron xoay thing ding véi ban kinh

day trén 1a 3m va do sau 4m. Can mot cong bao nhiéu dé bom toan bo nuée ra khoi binh qua

mép trén?
Ta coi yéu t6 thé tich 1a thé tich ctia dia tron ¢ do cao hm tit dinh va chiéu day dh. Khi d6

r = 3/4h, nén
9

dV = nr?dh = —nh?dh.

V =mnrad 167T d

Luyc dé thing dugc lyc ciia phan nuée day la

dF = pgdV = %pgﬁthh.

Lugng nudc nay can phai chuyén lén mot doan 1a (4 — h)m bing bom, nén cong sé la
9
dW = 1—6pg7r(4 — h)h?dh.

Day chinh la yéu t6 cong, do dé6 cong sé la

W /4 ) (4h? — h®)dh ) (3h3 h4)4 3,69.10°N
— — a7 — = —pg7r(— - — ~ . .m.
o 1677 167 T | T

BAI TAP

1. Dung dinh nghia tich phan xac dinh, tinh dién tich gigi han bdi cac duong:
a)y=az", y=0, x=a, t=bv6im#—1,0<a<b.
b)y=e*, y=0, x=1, x =0.

c)y=2", x=—-1, z=1.
2. Dling céc tinh chat ctia tich phan va dién tich hinh phéng, tinh:

3m 0 -2
a) / sin(z® + )dx; b) / V1 — 22dx; c) / |z|d.
-1 1

—3r
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3. Dung cong thitc dao ham theo can tich phan, tinh:
d cos T sin z N
CL)E (/ — ) (/ f(t dt) </ tcost dt) :

4. St dung tinh chat ctia tich phan va dinh 1i gi4 tri trung binh, chting minh rang

a) 1< [/ VI+alde < 4

b) Néu f/(z) ton tai va |f'(z)| < M,Vx € [a,b] thi

|f(x)] < M(b—a) Va|/ f(x (b—a)*

M
| < —
_2

5. Duing phuong phap doi bién tinh cac tich phan:
1
)/5111(2—31' /\/3x+ 4dx; /\/7 d)/e i—ldx, e)/tg%dx;
U Verdx < dt sin 4xdx
3./, _ 2dx: - h . ;
f)/a: a— i g) o Vet fe )/e tint’ Z)/(305429c+4

6. Dung phép doi bién nguge, tinh céc tich phan sau
o) / x2dx _— / 2dx ‘ 0 / dr
Vi J@ P 1+
L+Ve 0 VESl o g
d V1 — e?@dx; _—
) /1+\/_ ) /_me ez ) /_1 ?+ 2t +2

7. Duing cong thitc tich phan ting phan, tinh cac tich phan
a)/x3 cos mxdx; b) /x?’lnxda:; c) /m%zrctgxdx; d)/sin(lnx)dz;

U arcsinz / arctgrdz arctge
e dx; e %* cos 3xdz; / ——— h
>LQ ) 0 [ ey P Tt

xre
T

i) / (2% + 1)e2dx.

8. Tinh tich phan cac ham httu ti:
2) / dr ) / dx . ) / 2xdx .
3+ 17 (10 +1)%’ (x+ 1)(1 + 22)?’
dx 20+ +3 Sdx
)/a:(x—l)Q’ e)/x3—|—3x2+3x+2 x, f)/:v3—a3’
%+ 2 2 + 3z + 22 tdt
———dx; h) | —————dux; ) .
”/ﬂ—lL )/amu4>% ”/@+Mﬁ+w
9. Tinh tich phan cac ham lugng giac:
d
a) / o ) / sin® z cos® zdz; ) / sin® zdz;
3+ 5sinx + 3cosx
cos? xdx tgxrdx Vigrdx
d)/.g : ;e)/sd:v; f)/4;
sin“x 4+ 4sinx cosx cos cos*x
2 cost zdx

. 4 .
g cos x sin*(sin z) i :
) / ( / Vsin® z cos® x ) /j; vsin
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10. Tinh tich phan cac ham vo ti:

1+\/_ dx ' 1 —adr
)/1+\/_ ) V1=2zx—V1-=2z c)/ 1—|—xx’

d) / :c\/Z—l—:c e) / dx /
m—l—\/2+:p (x—l)\/—xZ—i-Qx—i- \/1'3(1—.%
11. Bing phuong phap tong hgp, tinh cac tich phan:

smx%—cosm tgrdr
\/m /\/1+e$ ) /\/1+sin 2y
eQarctgw CLT’CSZTL—
)/\/x—kl—l—\/x—l; ¢) /1+:E2d$; 7 \/—7:c2d

12. Tim gia tri hoac ching to tich phan sau phan ki:

400 0 +o00
a) / e~ *dx; b) / xetd; c) / cos xdz;
0 0

o0

Lo
+oo . 2 +oo
€) /OO (xQdTl)?; f) /0 (a:ci—l / \/—7x2 h)/o xe *dz.

13. Xét su hoi tu ctua cac tich phan:

+00 +00 | o3 1 oz z
a) / e du; b) / |SmQ$|dx; c) / ctdr d) /2 dr
0 0

x cr+ 17 gcosx’

+00 1 oo
o [Tamesdin p [ g [T

tgr — 1

/m

14. Tim dién tich hinh phang gi6i han béi cac dudng cong:

(a) r* = a® cos 2y; (b) y =25,y =3— 1%

1
(c)y=e " sinz,y =0,z =0,z =; (d) y=—,2x 4+ 2y = 5;
x

(e) 2y = 4x — 2%, 2y + 31 = 6; (f) r* =a(l —cosg),r =

15. Tim thé tich cac vat thé giéi han béi cac duong:

a) Phan chung ctia hai tru gi6i han bdi 22 +y> = a® va y? + 22 = a

b) Gisi han béi Paraboloid 2z = 4 — y?, 2 = a va cac mét toa do

¢) Tron xoay, do y*> + x — 4 = 0 quay quanh Oy.

d) Tron xoay, do mot nhip Cycloit = a(t — sint),y = a(1 — cost) quay quanh Ox

16. Tinh thé tich theo hai cach, theo 14t va theo 16p tru cac vat thé
a) Vat tron xoay do hinh giéi han b6i y = 2%,y = 0,2 = 1 quay quanh Oz
b) Vat tron xoay giéi han bdi y = 2%,y = \/z,z =0,z = 1, quay quanh Oz
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17. Tim do dai cac dudng cong:
a)y="2+1tite=1tdz=4.
b) 9y> = 4(3 — x)*, phan giita cac giao diém ctia dudng cong vdi truc Oy.
¢) Cardioid r = a(1 + cos ¢); d)r=e% —1<p<m
e) z=acos’t, y=asin’t, 0 <t < 2m;
f) z =t*sint, y =t*cost, 0 <t < 2m.
18. Tim dién tich hinh phang gi6i han bai:
a) Mién gitta gbc cyc va dudng xoin 6¢ r = 0,0 < 0 < 2m;
b) Mién gidi han clia vong nh6 hon ciia 7 = 1 + 2 cos p;
¢) Mién gi6i han bdi z = (2 + sint) cost, y = (2 + sint)sint.
19. Tim khoi lugng va tam khoi lugng
a) Dia ¢6 hinh 0 <y <4 — 2% v6i mat do p(z,y) = ky.
b) Mot dia vuong, canh acm, néu mat do tai P 1a kxg/cm?, v6i z 1a khoang cach ti
P dén mot canh hinh vuong.
20. Tim trong tam hinh hoc ctia cac hinh:
a) Mot phan tu hinh tron 22 +y? < 7%, 2 > 0,y > 0.
b) 0§$§1,0§y§ﬁ.
21. Xac dinh cong can thiét dé phéng mot tén lita nang 1,5 tan tit mit dat lén cao
2000km.
22. Tim khoi lugng clia mot hinh cau ban kinh r, néu khéi lugng rieng (mat do) tai moi

diém ti lé v6i khodng cach tit diem d6 dén tam.

Vi du 3.6.8. Chi ra riang bat ky phan t1t ctia ho ham

~ 14ce
A —
la mot nghiém ctia phuong trinh vi phan
1
! 2
=—(y*—1).
y=5" -1

Giai: Ching ta st dung quy tic thuong doi véi dao ham dé bicu dién y
, (L —cet)(ce') = (L +ce)(ce')  2ce

t

(1 — cet)? (1 —cet)?

Thay y vao vé phai ctia phuong trinh vi phan trd thanh

1+ cet\? 2cet
2 1) = =
(y ) 1 — cet (1 — cet)?

1
2

N | —
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Ta suy ra diéu phai chitng minh.
Vi du 3.6.9. Tim mot nghiém ctia phuong trinh vi phan

/

y =5 -1)

N | —

thoa méan diéu kien ban dau y(0) = 2.

Giai: Thé gia tri t = 0 vA y = 2 vao cong thiic

 14ce
y= 1 — cet
ttt Vi du 1, ta nhan dugc
5 14ce® 1+4c¢ N 1
1—ce® 1-c¢ 3

Nhu vay nghiém ctia bai toan gia tri ban dau 1a

14t 3+
Cl-—let 3—et

Y





