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Chuang 2
DAY VO HAN VA CHUOI

Muc tieu

- Khoi kién thic vé day sb: Khai niém day sb, sy hoi tu cla day
s0; C4c tinh chat cla day sb; Dinh ly don diéu bi chan va tng
dung.

- Khoi kién thirc vé chubi sb: Khai niém chubi s6, khai niém
chubi hdi tu, khai niém chudi phan ky; Chudi s6 duong va cac
tieu chuan hoi tu cla chubi s6 duang; Chudi dan dau, tiéu
chuan hoi tu cla chubi dan dau, xap xi tong theo tiéu chuan
dan dau; Chudi hoi tu tuyét dbi va tiéu chuan ty so.
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Pang Van Cudng Toan cao cap A2

Chuang 2 )
DAY VO HAN VA CHUOI

Muc tieu

- Khoi kién thic vé day sb: Khai niém day sb, sy hoi tu cla day
sO; Cac tinh chat cla day sé; Pinh ly don diéu bj chan va ting
dung.

Khdi kién thic vé chudi s6: Khai niém chudi s6, khai niém
chudi hoi tu, khai niém chudi phan ky; Chubi s6 duong va cac
tiéu chuan héi tu cla chubi s6 duang; Chubi dan dau, tiéu
chuan hoi tu clia chubi dan dau, xap xi tong theo tiéu chuan
dan dau; Chudi hoi tu tuyét dbi va tiéu chuan ty so.

Khoi kién thdrc vé chubi Iy thira: Khai niém chudi lGy thua;
Ban kinh va mién hdi tu cla chuéi lGy thira; Biéu dién ham
bang tong cla chudi 0y thira.
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1 Day so.

1.1 Khai niém day so.
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A1,02,A3, A4y ..y Ay -

PH Duy Tan 2 Khoa KHTN



Pang Van Cudng Toan cao cap A2

1 Day so.

1.1 Khai niém day so.

Pinh nghia: M6t day s6 1a &nh cia moét ham
a:N* = R, a(n) := a,, n6 co thé viét dudi dang

A1,02,A3, A4y ..y Ay -
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1 Day so.

1.1 Khai niém day so.

Pinh nghia: M6t day s6 1a &nh cia moét ham
a:N* = R, a(n) := a,, n6 co thé viét dudi dang
A1,42, A3y Qdy ey Ay -
S6 a1 dugc goi 1 phan tl thi nhat, a» 12 phan t( thd hai, va trong
trudng hop tong quat a., la phan t& thd n.

Ky hiéu:
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1 Day so.

1.1 Khai niém day so.
Pinh nghia: M6t day s6 1a &nh cia moét ham
a:N* = R, a(n) := a,, n6 co thé viét dudi dang
A1,42, A3y Qdy ey Ay -
S6 a1 dugc goi 1 phan tl thi nhat, a» 12 phan t( thd hai, va trong
trudng hop tong quat a., la phan t& thd n.
Ky hiéu:

Liet ké {a1, a2,as, ...}
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1 Day so.

1.1 Khai niém day so.

Pinh nghia: M6t day s6 1a &nh cia moét ham
a:N* = R, a(n) := a,, n6 co thé viét dudi dang

1,02, A3, A4y ..., Ay, ...

S6 a1 dugc goi la phan tlf thd nhat, a» 12 phan t( th hai, va trong
truding hop tong quat a., 1a phan ti thu n.

Ky hiéu:
Liet ké {a1, a2, as,...}

S6 hang téng quét {a,} hodc {a,}°° ;.
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Vi du: Cho mét day sé biéu dién dudi ba dang khac nhau:

@ {25} 5 an =20 {42 i
n+1 _ T o1 27 37 > 417 7

n=1

{\/F} 3 anzmn>3
{o, 1. V2.3, .. /n=3 }

nm
; CLn:COS?,nZO;
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Vi du: Day khéng c6 cdng thiic don gian xac dinh s6 hang tong
quat.

1. Day {p,}, vdi p, la dan sb thé giGi vao thang moét nam thi n.

2. Néu chung ta dat a,, 14 sb hang thap phan thi n clia s6 e, khi
dé {a,} la mét day ma mét so phan t& dau tién cla né l1a

{7,1,8,2,8,1,8,2,8,4,5...}

3. Day Fibonacci { f,} dugc xac dinh bang cong thuc truy hoi

fi=1, fo =1, fn=Jfn-1+ fn—2,m >3
Mbi phan t( 12 tong cla hai phan ti trudc dé. Mot vai phan tl
dau cla day la

{1,1,2,3,5,8,13,21,34, ...}
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1.2 Khai niém hoi tu - Phan ky cta day so.

Pinh nghia: Mot day {a,} dugc goi 1a cé gidi han L va viét

lim a, = L hoac a, — L Kkhi n — oo

n—oo

néu chung ta cé thé chon a,, gan L mét cach tuy y bang cach
chon n du 16n.
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1.2 Khai niém hoi tu - Phan ky cta day so.

Pinh nghia: Mot day {a,} dugc goi 1a cé gidi han L va viét

lim a, = L hoac a, — L Kkhi n — oo

n—oo

néu chung ta cé thé chon a,, gan L mét cach tuy y bang cach
chon n du 16n.

Néu lim,, . an tOn tai, chiing ta ndi rang day hdi tu. Nguoc lai
chung ta noi day phan ky (hoac la phan ky).
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1.2 Khai niém hoi tu - Phan ky cta day so.

Dinh nghia: M6t day {a,,} dugc goi 1a co gidi han L va viét

lim a, = L hoac a, — L khi n — oo

n—oeo

néu chung ta cé thé chon a,, gan L mét cach tuy y bang cach
chon n du 16n.

Néu lim,, . an tOn tai, chiing ta ndi rang day hdi tu. Nguoc lai
chung ta néi day phan ky (hoac la phan ky).

Dinh ly: Néu
limy—oo f(z) = Lva f(n) =an,Vn €N
thi

lim,,—oc an, = L.

PH Duy Tan 5 Khoa KHTN
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Vi du:

1 1
(a) lim —=0,r>0 = lim — =0, r > 0;

r—oo T n—oo N’

1\7 1\"
(b) lim (1—1——) — e = lim (1—|——) =
n— 00 n

T— 00 €T

1 1
(¢) lim zsin— =1 = lim nsin— = 1.

T— 00 €T N—00 n
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Vi du:

1 1
(a¢) lim —=0,r>0 = lim — =0, r > 0;

x—oo 1T n—oo N’

1\7 1\"
(b) lim (1—1——) — e = lim (1—|——) =

T— 00 €T n—00 n

: .1 . .1
(¢) lim zsin— =1 = lim nsin— = 1.
r— 00 €T n—aoo n

Néu {a,} va {b,}a cac day hoi tu va ¢ |a mot hang sb thi

lim (ap &£ b,) = lim a, &+ lim b,; lim ca, = ¢ lim a,
n—=o n—00 n—~oxo n—o n—00

: , a lim, .~ a . .
lim ¢ =¢; lim — = = " néu lim b, #0

lim [a?] = [lim a,]? néu p>0 va a, >0

n—oo n—aoo

DH Duy Tan 7 Khoa KHTN
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Dinh ly: Ta cling c6 Dinh ly kep d6i véi day. Néu a,, < by, < cp;
v&i moi n > ng va

lim a, = lim ¢, = L,
n—oo n—oo

thi lim,, o by, = L.

Hé qua: Néu lim,, .o |a,| = 0 thi lim, .o ar, = 0.

PH Duy Tan 8 Khoa KHTN
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Dinh ly: Ta cling c6 Dinh ly kep d6i véi day. Néu a,, < by, < cp;
vli moi n > ng va

lim a, = lim ¢, = L,
n—oo n—oo

thi limy, o0 b, = L.

Hé qua: Néu lim,, oo lan| = 0 thi limy, o0 a, = 0.
Vidu: Tinh gia tri lim # néu nd ton tai.

n—>00
Giai: )
—1 1
( ) = Jlim — =0
n n—oo N,

lim
n—00

Vay nén ta cé

lim
nN—>00
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1.3 Day con va cac day dac biét.
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1.3 Day con va cac day dac biét.

Pinh nghia: Day {b;} dudc goi la mét day con cla {a,} néu voi
moi k& ton tai n sao cho by, = a, va Néu by, = an, thi m > n.
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1.3 Day con va cac day dac biét.

Pinh nghia: Day {b;} dudc goi la mét day con cla {a,} néu voi
moi k& ton tai n sao cho by, = a, va Néu by, = an, thi m > n.

Pinh ly: Néu {a,} 1a day hoi tu thi moi day con clia né ciing hoi
tu va gidi han cla day con bang gi6i han cta day {a,}.
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1.3 Day con va cac day dac biét.
Pinh nghia: Day {b;} dudc goi la mét day con cla {a,} néu voi
moi k& ton tai n sao cho by, = a, va Néu by, = an, thi m > n.

Pinh ly: Néu {a,} 1a day hoi tu thi moi day con clia né ciing hoi
tu va gidi han cla day con bang gi6i han cta day {a,}.

Hé qua: Néu ton tai hai day con cla day {a,} hdi tu vé hai gia tri

khac nhau thi day {a,} phan ky.
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Vi du: X4c dinh day a, = (—1)" héi tu hay phan ky.
Giai: Xét hai day con cua day da cho tuwong Ung vdi day cac chi
sO chan va day cac chi sb Ié,

azp, = (—1)*" =1, agp1 = (-1)" = —1.

Ta co

lim aon, =1, lim ag2n+1 = —1
n—oo n—oo

nén day da cho phan ky.
Vi du: Day {r"} héi tu néu —1 < r < 1 va phan ky v&i moi gia tri
r khac.

lim " =
n—o

{0@u1<r<1

1néur =1

PH Duy Tan 9 Khoa KHTN
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Dinh nghia: Day s6 z1, zo, ..., Zn, ... dUGC goi 14
(1) Daytangnéu z1 < 22 < ... < zp < ...;

(2) Day gidmneu z1 > z2 > ... > zp > ..

Cac day tang hay day giam dugc goi chung la day don diéu.
Vi du: Day { } la giam vi

3 3 3
> p—
n+5 n+1)+5 n+6

Va nhuv vay a,, > a,11 vGi moin > 1.
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DPinh nghia:
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DPinh nghia:

Mt day {a,} dugc goi 1a bi chan trén néu ton tai sb M sao cho
an < M, Vn > 1.
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DPinh nghia:

Mt day {a,} dugc goi 1a bi chan trén néu ton tai sb M sao cho
an < M, Vn > 1.

N6 dudc goi la bi chan dudi néu ton tai s6 m sau cho
an > m, Vn > 1.
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DPinh nghia:
Mt day {a,} dugc goi 1a bi chan trén néu ton tai sb M sao cho
an < M, Vn > 1.

N6 dudc goi la bi chan dudi néu ton tai s6 m sau cho
an > m, Vn > 1.

Néu né vlia bi chan trén vira bi chan dudi thi né dugc goi 1a mot

day bi chan.
Vi du:

= - |a day bi chdn, chan dudi bdi 0 va chan trén bdi 1.
(—1)"n la day khéng bi chan trén cing khéng bi chan

DH Duy Tan 11 Khoa KHTN
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1.4 Tiéu chuan don diéu bi chan.

PH Duy Tan 12 Khoa KHTN



Pang Van Cudng Toan cao cap A2

1.4 Tiéu chuan don diéu bi chan.

DPinh ly: (Nguyén ly don diéu, bi chan)
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1.4 Tiéu chuan don diéu bi chan.

DPinh ly: (Nguyén ly don diéu, bi chan)

(1) Day tang, bi chan trén thi héi tu.
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bang Van Cuang

1.4 Tiéu chuan don diéu bi chan.

DPinh ly: (Nguyén ly don diéu, bi chan)
(1) Day tang, bi chan trén thi héi tu.

(2) Day giam, bi chan dudi thi hoi tu.

DH Duy Tan 12
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bang Van Cuang

1.4 Tiéu chuan don diéu bi chan.

DPinh ly: (Nguyén ly don diéu, bi chan)
(1) Day tang, bi chan trén thi héi tu.
(2) Day giam, bi chan dudi thi hoi tu.

(3) Mot day don diéu va bi chan thi hoi tu

DH Duy Tan 12
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bang Van Cuang

1.4 Tiéu chuan don diéu bi chan.

Dinh ly: (Nguyén ly don diéu, bi chan)
(1) Day tang, bi chan trén thi héi tu.

(2) Day giam, bi chan dudi thi hoi tu.

(3) Mot day don diéu va bi chan thi hoi tu

'ﬂ'.r.l F 3

A

Toan cao cap A2

I

DH Duy Tan 12

Khoa KHTN
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2 Chuoi so.

2.1 Khai niém chudi so - Chuoi héi tu, chuoi phan ky.

Pinh nghia: Néu chuing ta cong tat ca cac phan ti cla day {a,}
chiing ta nhan dugc mot biéu dién dudi dang

ai +as+a3+...+a, + ... (2.1)

Tong vé han cac phan tif nay dudc goi [ chubi vo han (hoac don
gian la chudi) va dugc ky hiéu mot cach ngan gon bdi ky hiéu

i an, hoac Z an
n=1

PH Duy Tan 13 Khoa KHTN



Pang Van Cudng Toan cao cap A2

(1) a» dudc goi la sbé hang téng quat clia chudi.
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(1) a» dudc goi la sbé hang téng quat clia chudi.

(2) L&y téng hitu han cac phan tir cla day
S1 =ai1; S2=a1+ag, ... -

Va trong trudng hagp tong quat

n
Sn = a1 +az2+as+ ... +an = g a;
i=1

Thi {s,} duoc goi |4 day céc tong riéng cla chubi.

DH Duy Tan 14

Khoa KHTN
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(1) a» dudc goi la sbé hang téng quat clia chudi.
(2) LAy téng hitu han cac phan tir cla day
S1 =ai1; S2=a1+ag, ... -

Va trong trudng hagp tong quat

n
Sn = a1 +az2+as+ ... +an = g a;
i=1

Thi {s,} duoc goi |4 day céc tong riéng cla chubi.

(3) Chubi da cho dudc goi la hoi tu néu day tong riéng {s, } hoi
tu, va néu lim, . s, = S thi ta ndi chudi da cho cé tong
bang S vaviet 3°°° a, = S.

DH Duy Tan 14 Khoa KHTN
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(1) a» dudc goi la sbé hang téng quat clia chudi.
(2) Lay téng htu han cac phan tlr cla day
S1 =ai; S2 =a1+ag, ... -

Va trong truding hgp tong quat

n
S, = a1 +a2+ a3+ ...+ ap = E a;
i=1

Thi {s,} duoc goi la day céc tong riéng cla chubi.

(3) Chubi da cho dugc goi la hdi tu néu day téng riéng {s, } hoi
tu, va néu lim, . s, = S thi ta ndi chudi da cho cé tong
bang S vaviét > a, = S.

Chuoi khéng hoi tu duoc goi la chubi phan ky.

DH Duy Tan 14 Khoa KHTN
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Pinh I 2.1. Chudi cap s6 nhan

o0
E ar" ' =a4+ar+ar?+ ...
n=1

hoi tu néu |r|]< 1 va tdng cla nd 1a

i a
E ar™ 1 = ]
n=1 —

Néu |r| > 1, chubi cap s6 nhan phan ky.

PH Duy Tan 15 Khoa KHTN
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2.2 Tinh chat cia chudi so - Tiéu chuan phan ky.
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2.2 Tinh chat cia chudi so - Tiéu chuan phan ky.

Dinh Ii 2.2. Néu 3 °° | a,, hoi tu thi lim,—, a, = 0.
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2.2 Tinh chat cia chudi so - Tiéu chuan phan ky.

Dinh Ii 2.2. Néu 3 °° | a,, hoi tu thi lim,—, a, = 0.

Hé qua 2.1 (Tiéu chuan phan ky).

Néu limy, .o an khdng ton tai hodc néu lim, e an = I # 0 thi
chudi 3" °° . a, phan ky.

n=1

PH Duy Tan 16 Khoa KHTN
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2.2 Tinh chat cia chudi so - Tiéu chuan phan ky.

Dinh Ii 2.2. Néu >_°° . a,, hoi tu thi lim,, . a, = 0.

Hé qua 2.1 (Tiéu chuan phan ky).

Néu limy, . an khdng ton tai hodc néu lim, . an = I # 0 thi
chuoi > 21 an phan ky.

Dinh Ii 2.3. Néu " a, va 3" b, 1a cac chubi hdi tu, thi cac chubi
S cay, (V6 ¢ la mot hang s6), 3 (an + bn) va Y (an — by) cling
héi tu va

O

(4) ann—cz an

n=1

@)

(iid) Y (a

n=1

PH Duy Tan 16 Khoa KHTN
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3 Chuoi so duang.
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3 Chuoi so duang.

3.1 Chuoi so duong va tiéu chuan tich phan.
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3 Chuoi so duang.

3.1 Chuoi so duong va tiéu chuan tich phan.

~ V4 OO V4
Pinh nghia 3.1. Chudi s6 >  w, c6 cac so6 hang u,, > 0 vdi moi

n=1

n duoc goi la chubi s6 duang.

DH Duy Tan 17 Khoa KHTN
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3 Chuoi so duang.

3.1 Chuoi so duong va tiéu chuan tich phan.

~ V4 OO V4
Pinh nghia 3.1. Chudi s6 >  w, c6 cac so6 hang u,, > 0 vdi moi

n=1

n duoc goi la chubi s6 duang.

Dinh Ii 3.1 (Tiéu chuan tich phan.). Gia s f 1a mot ham lién
tuc, duong, giam trén [1 oo) théa man f(n) = a,, Vn € N. Khi dé
chuoi Y21 an héitu néu va chi néu tich phan suy rong

[ f(z)da hc_)| tu. N6i cach khac:

(@) Néeu [ f(z)dz hdi tu thi chubi >°°°, a, hoi tu.

(b) Néu [ f(z)dx phan ky thi chubi > °° | a, phan ky.

DH Duy Tan 17 Khoa KHTN
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Dinh Ii 3.2. (Binh Iy p-chuoi) p-chubi 3 0° , -1 hoitu néu p > 1
va phan ky néu p < 1.

PH Duy Tan 19 Khoa KHTN
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3.2 Chuoi so dwong va tiéu chuan so sanh.
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3.2 Chuoi so dwong va tiéu chuan so sanh.

Pinh Ii 3.3. (Tiéu chuan so sanh) Gia st 3" a,, S b, la cac
chudi s6 duong.

PH Duy Tan 20 Khoa KHTN
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3.2 Chuoi so dwong va tiéu chuan so sanh.

Pinh Ii 3.3. (Tiéu chuan so sanh) Gia st 3" a,, S b, la cac
chudi s6 duong.

(a) Néu " b, hditu va a, < b, vGi moi n, thi chubi 3" a,, clng
hoi tu.

PH Duy Tan 20 Khoa KHTN
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3.2 Chuoi so dwong va tiéu chuan so sanh.

Pinh Ii 3.3. (Tiéu chuan so sanh) Gia st 3" a,, S b, la cac
chudi s6 duong.

(a) Néu " b, hditu va a, < b, vGi moi n, thi chubi 3" a,, clng
hoi tu.

(b) Néu 3" b, phan ky va a,, > b, v6i moi n, thi chudi 3" a,, cling
phan ky.

PH Duy Tan 20 Khoa KHTN
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3.2 Chuoi so dwong va tiéu chuan so sanh.

Pinh Ii 3.3. (Tiéu chuan so sanh) Gia st 3" a,, S b, la cac
chudi s6 duong.

(a) Néu " b, hditu va a, < b, vGi moi n, thi chubi 3" a,, clng
hoi tu.

(b) Néu 3" b, phan ky va a,, > b, v6i moi n, thi chudi 3" a,, cling
phan ky.

Hau hét ching ta st dung mét trong hai két qua sau:
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3.2 Chuoi so dwong va tiéu chuan so sanh.

Pinh Ii 3.3. (Tiéu chuan so sanh) Gia st 3" a,, S b, la cac
chudi s6 duong.

(a) Néu " b, hditu va a, < b, vGi moi n, thi chubi 3" a,, clng
hoi tu.

(b) Néu 3" b, phan ky va a,, > b, v6i moi n, thi chudi 3" a,, cling
phan ky.

Hau hét ching ta st dung mét trong hai két qua sau:

(1) p-chudi: 3" 1/n? hoitu néu p > 1 va phan ky néu p < 1.
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3.2 Chuoi so dwong va tiéu chuan so sanh.

Pinh Ii 3.3. (Tiéu chuan so sanh) Gia st 3" a,, S b, la cac
chudi s6 duong.

(a) Néu " b, hditu va a, < b, vGi moi n, thi chubi 3" a,, clng
hoi tu.

(b) Néu 3" b, phan ky va a,, > b, v6i moi n, thi chudi 3" a,, cling
phan ky.

Hau hét ching ta st dung mét trong hai két qua sau:
(1) p-chudi: 3" 1/n? hoitu néu p > 1 va phan ky néu p < 1.

(2) Chubi cap s6 nhan: 3 ar™~! hoi tu néu |r| < 1 va phan ky
vai |r| > 1.
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Hé qua 3.1. (Tiéu chuan twong duong)
Gai st > a, va Y b, la cdc chubi s6 duong. Néu

) an
lim — =¢
n—oo b,

VvGi ¢ 1a mot s6 hitu han va ¢ > 0, thi ¢ hai chudi cung hoi tu
hoac cung phan ky.
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3.3 Tinh gan dung tong cia mot chuoi.
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3.3 Tinh gan dung tong cia mot chuoi.

Tong riéng s, 1a mot xap xi dbi v6i s Vi limy—ee sn = s.
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3.3 Tinh gan dung tong cia mot chuoi.

Tong riéng s, 1a mot xap xi dbi v6i s Vi limy—ee sn = s.

PéE tim hiéu diéu dé ching ta can uéc lugng dd rong clia phan du

Ry,=8—s8y,=any1 +ant2+ ants+---
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3.3 Tinh gan dung tong cia mot chuoi.

Tong riéng s, 1a mot xap xi dbi v6i s Vi limy—ee sn = s.

PéE tim hiéu diéu dé ching ta can uéc lugng dd rong clia phan du

Ry,=8—s8y,=any1 +ant2+ ants+---

Phan du R, |a sai sb khi lay tong riéng thd n, s,, dé st dung nhu
1a mot xap xi dbi véi téng clia chudi.
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3.3 Tinh gan dung tong cia mot chuoi.

Tong riéng s, 1a mot xap xi ddi véi s Vi limy,_.ec Sn = s.

Pé tim hiéu diéu dé ching ta can uéc lugng dd rong clia phan du

Rn:S_Sn:an+1‘|‘an—l—2‘|—an—l—3—|‘"'

Phan du R, 1a sai sb khi |y tong riéng th( n, s,, dé st dung nhu
la mot xap xi doi véi tdng clia chubi.

Pinh Ii 3.4. (Udc lwgng phan du doi v&i tieu chuan tich
phan)

Gia st f(k) = ay, vOi f la mét ham lién tuc, duong va giam véi
x> 1va)  ayhlitu. Néu R,, = s — sy, thi

/ i f@de < Ro< [ " f(@)da

PH Duy Tan 22 Khoa KHTN



Pang Van Cudng Toan cao cap A2

4 Mot so tiéu chuan hoi tu khac.

PH Duy Tan 23 Khoa KHTN



Pang Van Cudng Toan cao cap A2

4 Mot so tiéu chuan hoi tu khac.

4.1 Chudi dan dau.
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4 Mot so tiéu chuan hoi tu khac.

4.1 Chudi dan dau.

Dinh nghia 4.1. M6t chudi dan dau (luan phién) la chudi véi s6
hang téng quat cé dang a, = (—1)"'b, hodc a, = (—1)"b,, VGi
b, 1a Mot s6 duong. (Chinh xac b, = |ax|).

Piéu nay cé nghia, chubi dan dau Ia chubi nhan mét trong
hai dang

Z (_1)nbn’ Z (_1)n—1bn7

vli b, > 0, Vn € N.
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Pinh Ii 4.1. (Tiéu chuan chuoi luan phién)
Néu chudi luan phién

> (=), Y (1),

thod man dong thoi hai diéu kién

(Vbns1 < bp, ¥n  (i)] lim by =0

n—oo

thi nd héi tu.
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Pinh Ii 4.1. (Tiéu chuan chuoi luan phién)
Néu chudi luan phién

S, Y ()",

thod man dong thoi hai diéu kién

(DVbps1 < bn, ¥n  (id)] lim by = 0

n—oo

thi nd héi tu.
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4.2 Tinh gan ding va wdc lwgng sai s6 ctia chudi luan
phien.
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Pang Van Cudng Toan cao cap A2

4.2 Tinh gan ding va wdc lwgng sai s6 ctia chudi luan
phien.

Pinh ly: (Dinh ly wdc lwang chuoi luan phién) Néu
s =52 (—=1)""1p, 1a tdng clla mdt chubi thod man

n=1

(i) bug1 < b, va  (ii) lim b, =0

n—aeo

Diéeu nay cé nghia, ta cé xap xi s ~ s, vdisai sO |R,| < byi1.
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Vi du: Tim téng cla chudi 3" °° % chinh xac dén ba chi so
thap phan. (voi dinh nghia 0! = 1).
Giai: Ta c6

1 1

& o = (n+1)! - n!(n +1) <

1 1 . 1 .
(%) O<—'<—nenbn:——>0kh|n—>oo

n! n n!

nén chudi da cho hdi tu. Viét ra tdng clia mot vai phan t& dau cla

1 1 1 1 1 1
st s e T
1 1 1 1

24 120 720  B040 T
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Chu y rang
1 1
by = —— < —— = 0.0002
5040 5000

1 1 1 1 1
56—1—1—|—————|—————|——~0368056
6 24 120 720

Bang Pinh ly udc lugng chubi luan phién ta co

|s — se| < by < 0.0002

Sai s6 nay nhd hon 0.0002 khéng tac déng dén ba chir s6 thap
phan, vay nén ta co

s ~ 0.368

chinh xac dén ba chi s6 thap phan.

PH Duy Tan 27 Khoa KHTN



Pang Van Cudng Toan cao cap A2

4.3 Chuoi hoi tu tuyét doi - Tieu chuan ty so.
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4.3 Chuoi hoi tu tuyét doi - Tieu chuan ty so.

Pinh nghia 4.2. Mot chudi $° a,, dugc goi la hoi tu tuyét doi néu
chudi gid tri tuyét déi 3 |a,| hoi tu.
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4.3 Chuoi hoi tu tuyét doi - Tieu chuan ty so.

Pinh nghia 4.2. Mot chudi $° a,, dugc goi la hoi tu tuyét doi néu
chudi gid tri tuyét déi 3 |a,| hoi tu.
Dinh Ii 4.2. Néu chubi 3" a, hoi tu tuyét doi thi né hdi tu.
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4.3 Chuoi hoi tu tuyét doi - Tieu chuan ty so.

Pinh nghia 4.2. Mot chudi $° a,, dugc goi la hoi tu tuyét doi néu
chudi gia tri tuyét doi 3° |a,| hdi tu.

Dinh Ii 4.2. Néu chubi 3" a, hoi tu tuyét doi thi né hdi tu.

Pinh Ii 4.3. (Tiéu chuan ty so)
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4.3 Chuoi hoi tu tuyét doi - Tieu chuan ty so.

Pinh nghia 4.2. Mot chudi $° a,, dugc goi la hoi tu tuyét doi néu
chudi gia tri tuyét doi 3° |a,| hdi tu.

Dinh Ii 4.2. Néu chubi 3" a, hoi tu tuyét doi thi né hdi tu.

Pinh Ii 4.3. (Tiéu chuan ty so)

(i) Néu lim, o | 22| = L < 1, thi chubi }_ a, hoi tu tuyét doi

n

(va hién nhién hdi tu).
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4.3 Chuoi hoi tu tuyét doi - Tieu chuan ty so.

Pinh nghia 4.2. Mot chudi $° a,, dugc goi la hoi tu tuyét doi néu
chudi gia tri tuyét doi 3° |a,| hdi tu.

Dinh Ii 4.2. Néu chubi 3" a, hoi tu tuyét doi thi né hdi tu.

Pinh Ii 4.3. (Tiéu chuan ty so)

(i) Néu lim, o | 22| = L < 1, thi chubi }_ a, hoi tu tuyét doi

n

(va hién nhién hdi tu).

(ii) Néu limp,—o | 22| = L > 1 ho&c limp o | 2| = oo thi

n an

chudi " a,, phan ky.
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4.3 Chuoi hoi tu tuyét doi - Tieu chuan ty so.

Dinh nghia 4.2. M6t chubi 3 a,, dudc goi 1a hoi tu tuyét doi néu
chubi gid tri tuyét doi 3 |a,| hdi tu.

Dinh Ii 4.2. Néu chudi 3" a, hoi tu tuyét doi thi nd hoi tu.

Pinh Ii 4.3. (Tiéu chuan ty so)

(i) Neu limy oo | 22| = L < 1, thi chudi Y- a, hoi tu tuyét doi

n

(va hién nhién hdi tu).

(i) Neu limy oo | 22| = L > 1 ho&c limy—.co | 2| = oo thi

n an

chudi 3" a,, phan ky.

(iii) Néu lim, oo | 22| = L = 1, tiéu chuén ty s6 khong dem lai

két qua cubi cung; nghia 13, khéng cé két luan gi vé tinh hoi
tu hay phéan ky ctia chuéi > a,.
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5 Chuoi luy thira.

PH Duy Tan 29 Khoa KHTN



Pang Van Cudng Toan cao cap A2

5 Chuoi luy thira.

5.1 Khai niém chuoi lay thira.
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5 Chuoi luy thira.

5.1 Khai niém chuoi lay thira.

Pinh nghia 5.1. Mét chubi cé dang

Z cn(x—a)" = co+ci(x—a)+ca(x—a)’+cz(x—a)’+--- (5.1)
n=0
trong do x 1a bién doc 1ap, a, c1, ¢, ..., cn, - - € R, dudc goi la
m&t chuoi luy thira theo (z — a) hodc mét chuoi luy thira tam
tai a.
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5 Chuoi luy thira.

5.1 Khai niém chuoi Iy thira.

DPinh nghia 5.1. M6t chu6i cé dang

Z cn(x—a)" = co+ci(x—a)+ca(x—a)*+cs(x—a)’+- - (5.1)
n=0
trong dé z 1a bién doc l1ap, a, c1, ca, . . ., cn, - - - € R, dudc goi la
mot chuoi luy thira theo (z — a) hodc mét chuoi luy thira tam
tai a.

Chu y rang, viéc viét ra phan tlr tuong (ing véi n = 0 trong
phuong trinh (5.1) chiing ta quy uéc (z — a)? = 1, ngay ca khi

r — Q.
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5.2 Ban kinh hoi tu, mién hai tu.

Cho chu6i Iy thira (5.1), véi 2o € R ta nhan dugc mét chudi s6
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5.2 Ban kinh hoi tu, mién hai tu.

Cho chu6i Iy thira (5.1), véi 2o € R ta nhan dugc mét chudi s6

0

Z cn(xo —a)”. (5.2)

n=0

Dinh nghia 5.2.
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5.2 Ban kinh hoi tu, mién hai tu.

Cho chu6i Iy thira (5.1), véi 2o € R ta nhan dugc mét chudi s6

0

Z cn(xo —a)”. (5.2)

n=0

Dinh nghia 5.2.

(1) zo dugc goi la diém hdi tu cla chuébi Iy thira (5.1) néu chudi
sO (5.2) hoi tu.
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5.2 Ban kinh hoi tu, mién hai tu.

Cho chu6i Iy thira (5.1), véi 2o € R ta nhan dugc mét chudi s6

0

Z cn(xo —a)”. (5.2)

n=0

Dinh nghia 5.2.

(1) zo dugc goi la diém hdi tu cla chuébi Iy thira (5.1) néu chudi
sO (5.2) hoi tu.

(2) zo dugc goi la diém phan ky cla chubi Ily thira (5.1) néu
chubi s6 (5.2) phan ky.
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5.2 Ban kinh hoi tu, mién hai tu.

Cho chu6i Iy thira (5.1), véi 2o € R ta nhan dugc mét chudi s6

O

Z cn(xo —a)”. (5.2)

n=0

DPinh nghia 5.2.

(1) o dudc goi la diém hoi tu clia chudi ldy thira (5.1) néu chudi
s0 (5.2) hdi tu.

(2) zo dugdc goi la diém phan ky cla chudi Gy thira (5.1) néu
chudi s6 (5.2) phan ky.

(3) Tap tat ca cdc gia tri z ma tai dé chubi I0y thira hdi tu duogc
goi 1a mién hdi tu cla chubi.
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Dinh Ii 5.1. V&i mét chubi luy thira 3" °° ¢, (x — a)™ chi c6 thé
c6 ba truong hop sau
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Dinh Ii 5.1. V&i mét chubi luy thira 3" °° ¢, (x — a)™ chi c6 thé
c6 ba truong hop sau

(i) Chudi héi tu chi khi z = a.
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Toan cao cap A2

Dinh Ii 5.1. V&i mét chubi luy thira 3" °° ¢, (x — a)™ chi c6 thé

c6 ba truong hop sau
(i) Chudi héi tu chi khi z = a.

(ii) Chu6i hoi tu véi moi .
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Khoa KHTN



Pang Van Cudng Toan cao cap A2

Dinh Ii 5.1. V&i mét chubi luy thira 3" °° ¢, (x — a)™ chi c6 thé
c6 ba truong hop sau

(i) Chudi héi tu chi khi z = a.

(ii) Chu6i hoi tu véi moi .

(i) Co mot sé thuc duang R sao cho chudi hdi tu néu
|z — a| < Rvaphanky néu |z — a| > R.
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Dinh Ii 5.1. V&i mét chubi luy thira 3" °° ¢, (x — a)™ chi c6 thé
c6 ba truong hop sau

(i) Chudi héi tu chi khi z = a.

(ii) Chu6i hoi tu véi moi .

(i) Co mot sé thuc duang R sao cho chudi hdi tu néu
|z — a| < Rvaphanky néu |z — a| > R.

DPinh nghia 5.3.

DH Duy Tan 31 Khoa KHTN



Pang Van Cudng Toan cao cap A2

Dinh Ii 5.1. V&i mét chubi luy thira 3" °° ¢, (x — a)™ chi c6 thé
c6 ba truong hop sau

(i) Chudi héi tu chi khi z = a.

(ii) Chu6i hoi tu véi moi .

(i) C6 mot so thuc duang R sao cho chudi hdi tu néu
|z — a| < Rvaphanky néu |z — a| > R.

DPinh nghia 5.3.

(1) S6 R trong trudng hap (iii) cda Dinh ly 5.1 dudc goi 1a ban
kinh hoi tu clia chuoi Iy thira >~ °° ) ¢, (z — a)™.
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Dinh Ii 5.1. V&i mét chubi luy thira 3" °° ¢, (x — a)™ chi c6 thé
c6 ba truong hop sau

(i) Chudi héi tu chi khi z = a.

(ii) Chu6i hoi tu véi moi .

(i) C6 mot so thuc duang R sao cho chudi hdi tu néu
|z — a| < Rvaphanky néu |z — a| > R.

DPinh nghia 5.3.

(1) S6 R trong trudng hap (iii) cda Dinh ly 5.1 dudc goi 1a ban
kinh hoi tu clia chuoi Iy thira >~ °° ) ¢, (z — a)™.

(2) Chung ta quy udc, ban kinh hdi tu lan lugt bang 0 va bang oo
twong Ung vai truong hap (3) va (i3) cla Dinh ly 5.1.
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Chuy:

(i) Trong trudng hap (i) clia Pinh Iy 5.1, mién hoi tu chi chira mét
diém don a.
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Chuy:

(i) Trong trudng hap (i) clia Pinh Iy 5.1, mién hoi tu chi chira mét
diém don a.

(i) Trong trudng hop (i) ctia Pinh ly 5.1, mién hoi tu & (—oco, co).
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Chuy:

(i) Trong trudng hap (i) clia Pinh Iy 5.1, mién hoi tu chi chira mét
diém don a.

(i) Trong trudng hop (i) ctia Pinh ly 5.1, mién hoi tu & (—oco, co).

(i) Trong trudng hop (iii), chd y rang bat dang thic |z — a| < R
co thé viét laibang a — R < = < a + R. Khi = bang m6t diém

dau mut cla khoang, nghia 1a z = a + R, moi diéu cd thé xa
ra-chudi cé thé hdi tu tai mot diém, hoi tu tai ca hai diém hoac
né cé thé phan ky tai ca hai diém.
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Chuy:

(i) Trong trudng hop (i) clia Pinh Iy 5.1, mién hdi tu chi chra mot
diém don a.

(i) Trong trudng hop (i) cia Pinh ly 5.1, mién hdi tu 12 (—oo, c0).

(i) Trong trudng hop (iii), chl y rang bat dang thic |z — a| < R
¢ thé viét laibang a — R < = < a + R. Khi = bang mét diém

dau mut cla khoang, nghia 1a z = a + R, moi diéu c6 thé xa
ra-chudi c6 thé hoi tu tai mot diém, hoi tu tai ca hai diém hodac
né ¢ thé phan ky tai ca hai diém.

Vay, trong trudng hop (iii) co bon kha nang xay ra doi vai
mién hoi tu

(a—R,a+R) (a—R,a+R] [a—R,a+R) [a—R,a+ R]
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6 Bi€u dien ham bang tong cia moét chuoi liy
thura.
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6 Bi€u dien ham bang tong cia moét chuoi liy
thura.

6.1 Biéu diéen ham bang tong ciia mot chuoi lily thira.
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Chung ta bat dau véi téng clia mot chudi luy thira (chubi cap so6
nhan)

= 1
l+z+a’+2°+.. =) a"=—— |zg[<L (6.1)
- 1l —=x

Diéu nay c6 nghia ham f(z) = -1, |z| < 1, dugc biéu dién bang

ZC’

tong clia mot chudi luy thira. Tong quat ta ¢é khai niém sau.
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Chung ta bat dau véi téng clia mot chudi luy thira (chubi cap so6
nhan)

= 1
l+z+a’+2°+.. =) a"=—— |zg[<Ll (6.1)
- 1l —=x

Diéu nay c6 nghia ham f(z) = -, |z| < 1, dugc biéu dién bang
tong clia mot chudi luy thira. Téng quat ta ¢é khai niém sau.
Pinh nghia: Ham f(z),z € (a — R, a + R) dugc goi la c6 thé
biéu dién bang téng clia mot chudbi Idy thira néu ta cé biéu dién

@)

f@) =3 ea(@—a)", |z —a| <R,

n=0

véi R 1a ban kinh hdi tu clia chudi Iy thira trong vé phai clia dang
thire.
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Vi du: Biéu dién ham 1/(1 + z?) bang tong cia mdt chudi luy
thtra va tim khoang hoi tu.
Giai: Thay = bai —x? trong phuong trinh (6.1), ta ¢

1 - n,.2n
1+ x? 1—( x?) Z( - :nz::()(—l)a;

=1-z’+z' -2 +a°— .

Vi day la chubi cap s6 nhan, né hdi tu khi | — 22| < 1, nghia 1a
r? < 1, hodc |x| < 1. Vay nén khoang héitu la (—1,1).
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6.2 Pao ham va tich phan cia mét chuoi liy thira - ('ng
dung.
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6.2 Pao ham va tich phan cia mét chuoi liy thira - ('ng
dung.

Pinh ly: Néu chubi luy thira 3~ ¢, (z — a)™ ¢6 ban kinh hoi tu
R > 0, khi d6 ham f xac dinh bai

@)

f(ac)zco—l—cl(x—a)—l—CQ(x—a)Q—l—---:Zcn(x—a)"

n=0

kha vi (va hién nhién lién tuc) trén khodng (a — R,a + R) va
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6.2 Pao ham va tich phan cia mét chuoi liy thira - ('ng
dung.

Pinh ly: Néu chubi luy thira 3~ ¢, (z — a)™ ¢6 ban kinh hoi tu
R > 0, khi d6 ham f xac dinh bai

@)

f(ac)zco—l—cl(x—a)—l—CQ(a:—a)Q—l—---:Zcn(x—a)"

n=0
kha vi (va hién nhién lién tuc) trén khodng (a — R,a + R) va

(i) f'(x) =c1+2c2(z —a) +3c3(x—2)2 + -+ =

> o nen( — a)"
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6.2 Pao ham va tich phan cia mét chuoi liy thira - ('ng
dung.

Pinh ly: Néu chudi luy thra 3~ ¢, (z — a)™ ¢6 ban kinh hoi tu
R > 0, khi d6 ham f xac dinh bai

oo

f(at):co+cl(ac—a)—|—02(a:—a)2—|—---:Zcn(a:—a)”

n=0

kha vi (va hién nhién lién tuc) trén khodng (a — R,a + R) va
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Vi du: Biéu dién 1/(1 — )% bang mdt chudi luy thira bang cach
dao ham phuong trinh (6.1). Ban kinh hdi tu bang bao nhiéu?
Giai: Dao ham hai vé cla phuaong trinh

=14z + z* Zw

1l —=x

ta dugc

(1_$>2—1+2x—|—3x Znaf;

Néu can chiing ta cé thé thay n bdi n + 1 va viét két qua dudi
dang

L zi(n—l—l)a}”

(1 - 33)2 n=0
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Ta cling ¢4 ban kinh hdi tu clia chudi dao ham trung vdi ban kinh
héi tu cda chudi ban dau, vay R = 1.

PH Duy Tan 38 Khoa KHTN



Pang Van Cudng Toan cao cap A2

Vi du: Tim chui luy thira biéu dién ham In(1 — z) va ban kinh
hoi tu cua no.

Giai: Tacd —In(1 — ) = [ —L-dz. Do d6 lay tich phan hai vé
clia phuong trinh (6.1):

—In(1l —z) =
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Thay z = 0 vao hai phuaong trinh va nhan dugc — In(1 — 0) = C.
Vay C = 0 va

In(l—z) =—x —
n(l —x) T =

Ban kinh hoi tu 1a ban kinh héi tu cla chudi ban dau, R = 1.
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Vi du:

(a) X4c dinh [ = dx bang mét chudi luy thira.

(b) S dung phéan (a) dé xap xi [, —dx pham vi chinh xac
nho hon 10~ 7.

Giai:

(a) Budc thit nhéat ching ta biéu dién ham 1/(1 + z7) bang téng
clia mét chudi luy thira.

1 1 i
1 +27  1—(—a7) =2 (=)

n=0

Bay gid chung ta tich phan tiing phan tl

Tn—+1

1 > > T
dx = —1)"z™dx = C —1)"
/1—|—:1:7£U /nz_:o( )iz da —I_nz::()( )7n—|—1
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Chudi nay hoi tu vGi | — 27| < 1, nghia la, vdi |z| < 1.
(b) SU dung nguyén ham biéu thiic (a) véi C = 0:

0.5 1
/ dxr =
0 14+ 7
1 1 n 1 i N
2 8.28 15.215 22.222 (7n + 1)27n+1

S& dung Dinh ly uéc lugng tong clia chubi luan phién dé xap xi
tong cla chubi. Néu dung téng sau phan t& véi n = 3, sai s6 nhd

hon phan t& by:
1

o i 6.4 x 10711

Vay chung ta co

05 1 1 1 1 1
dr ~ s3 = — — —— + ~ 0.49952374
0 2 8

1+ 27 8.28 ' 15215 99 922
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6.3 Khai trién Taylor va khai trien Maclaurin.

Dinh ly: Néu f c6 mét biéu dién bang téng clia mot chubi luy
thira (su khai trién) tai a, nghia 13, néu

oo

f(x)—ch(:L‘—a)“ lx—al < R

n=0

f(a)

thi cac hé so dugc cho bdi cong thirc ¢, = L—
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6.3 Khai trién Taylor va khai trien Maclaurin.

Dinh ly: Néu f c6 mdt biéu dién bang téng clia mot chubi luy
thira (su khai trién) tai a, nghia |a, néu

oo

f(x) Z cn(x —a)” lx—al < R

n=0

N , A A 2. o ’ (n)
thi cac hé so duoc cho bai cong thuc ¢, = fT,(“)

f"(a)
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Chudi trong phuang trinh (6.2) dugc goi |a chuoi Taylor cua
ham f tai a (ho3c xap xi a hoic lan can diém a).
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Chudi trong phuang trinh (6.2) dugc goi |a chuoi Taylor cua
ham f tai a (ho3c xap xi a hoic lan can diém a).

Pdi véi trudng hop dac biét a = 0, chudi Taylor tr& thanh

x©  r(n) / "
f(x) = Z / n'(O):B” = f(0) + fl('o)ac + f2(!0)w2 +--- (6.3)

n=0

Khi dé chudi da cho dugc goi la chuoi Maclaurin, va khai trién
nay duoc goi la khai trién Maclaurin.
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Chung ta tap hgp lai mét s6 chudi Maclaurin quan trong:

1

X

Zaz”:1+x—|—x2—|—az3—|—---
n=0
" 2 3

— 1 XL XL XL
AR TR T

x2n—|—1

= X —

(2n 4+ 1)!
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Mot trong nhitng ly do dé cac chudi Taylor tr6 nén quan trong |a
chling gilip chung ta cd thé tinh gan dung tich phan cadc ham ma
trudc day ching ta khéng giai quyét duac.
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Mot trong nhitng ly do dé cac chudi Taylor tr6 nén quan trong |a
chling gilip chung ta cd thé tinh gan dung tich phan cadc ham ma
trudc day ching ta khéng giai quyét duac.

Vi du:

(a) Bidu dién [ e~*"dx bang mot chubi vé han.

(b) Tinh [ e=*"dz chinh x&c véi sai s6 nhd hon 0.001.
Giai:

2

(a) Trudc hét ching ta tim chubi Maclaurin dbi véi f(z) = e *".
M&c dU chung ta cé thé st dung phuong phap truc tiép, nhung
hay tim cach don gian hon bang viéc thay = bang —z2 trong
chudi déi véi e* cho trong bang cac chubi Maclaurin. Vay, vGi moi
x chung ta co
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_ Z (_:; )n _ Z (_1)n_ _
n=0 ) n=0

Bay gi0 chung ta tich phéan tirng hang t

2 2 gt g0
/e dm:/<1__+§_§+ )dm

ZCS $5 $7 x2n—|—1
=Ctz— ot o+ (-D"

At 5.21 . (2n 4+ 1)n!

A N A & . Y AN A A 7. 2 A 7o
Chudi nay hoi tu vai moi = vi chudi ban dau doi voi e=*" hdi tu vai
moi .
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n z° z’ i
3.1 5.2 7.3

1 1 1 1
1 — — S I T - S
3+1O 42+216 3+1O 42+216

Pinh Iy wéc lugng chudi luan phién chi ra rang sai s6 tuong Ung
vGi xap xi nay nho hon

1

1
— = —— < 0.001
11.5! 1320
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