BO GIAO DUC VA DAO TAO

TRUONG DAI DUY TAN

Khoa: Khoa hoc ty nhién.
B6 mon: Toan
Giang vién: TS. Dang Van Cuong

TOAN CAO CAP A1l

(Vi du va Bai tap)

Da Néng - 2013



Chuong 2

Dao ham - [j’ng dung

2.1 BDPao ham

Vi du 2.1.1. Ham f(x) = |z| kha vi tai nhing diém nao?
Giai. Néu x > 0 thi |z| = 2 va ching ta c6 thé chon h di nho sao cho x + h > 0 va nhu vay

|z + h| =2+ h. Do d6, v6i z > 0 ta co:

PR U o et L PN C 0 o ) B R
Fo=m == ~imet
va nhu vay f kha vi v6i moi x > 0.
Tuong tu, v6i # < 0 thi |z| = —2 va chiing ta c¢6 thé chon h di nhé sao cho x + h < 0 va nhu
vay |x 4+ h| = —(z + h). Do do, véi = < 0 ta co:
ion e Rl =l —(@+h)—(-2) . —h
L A
va nhu vay f kha vi v6i moi x < 0.
V6i x=0, chiing ta phai kiém tra
O = JO) [0+ h = o)
/ _ _
A

Ching ta tinh toan gidi han bén trai va giéi han bén phai:

R o et (0] O ) I
i L
va
R o Y -
1 —_— = — = lim — = —1.
hi%lf h hir(r)lf h hi»%l+ h
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Vi cac gidi han d6 1a khac nhau nén f/(0) khong ton tai. Vay f khé vi tai moi z trit 0. Cong

thic cia f' duge cho béi

) 1 khi >0
f(z) = :
—1 khi <0

y
i
o
U‘ x

0 Y 4’-4

(a)y=flx)=|x (b) vy = f'(x)
Hinh 2.2.5

Vi du 2.1.2. Tinh dao ham a/ f(x) = 5. b/ y = V2.

Giai: Trong mdi tuong hop ta viét lai cdc ham du6i dang ham luy thira ctia z. Vi f(x) = X% =2

neén ta co
a) f(x) = d (x?) =—2x"= -2 = _2
dx x3"
dy_dy 32)_dy(2)_221_21
dx_dx<\/x_ T\ T3 TNt
Vi du 2.1.3.
d g 5 4 3
d—(:v + 122° — 42* + 102° — 62 + 5)
X
d 4 d, - d, d, 4 d d
= — 12— —4— 10— —6— —_—
dx(x )+ dx(x) dx(x )+ de(x) 6dx(x) dx(5)

= 8z" + 12(52*) — 4(42®) + 10(32%) — 6(1) + 0

= 8z" + 60z — 162° + 302* — 6.
Vi du 2.1.4. a) Néu f(z) = ze® , tim f'(z). b) Tim dao ham cap n , f™(x).
Giai: a) Theo quy tac tich, ta c6

d d d
f(z) = %(xe’”) = xa(ex) + eza(x) =xe” +e" = (x+ 1)

b) Dung quy téc tich cho lan hai thi ta dugc

f(x) = %[(m +1)e”] = (z + 1)%(e$) - ezdix(x +1)=xe" +e" + € = (v + 2)e”.

fm(l’) _ (:L‘ + 3)636, f(4)(:13) = (l‘+4)ex.
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Ta thay , sau moéi lan dao ham thi két qua thu duge duge thém e®, vay nén
f(z) = (z+n)e”.

Vi du 2.1.5. Tinh vi phan ctia ham y = x2sinx.
Giai: St dung quy tac nhan, ta c6

4y _ in(s inx)+sinx— (2?) =

dx dx dx
Vi du 2.1.6. Tim F'(z) biét F(z) = Va2 + 1.
Giai 1: Dau tién ta biéu dién F dudi dang F(z) = (f.g)(x) véi f(u) = Ju va g(x) = 22 + 1.

Khi d6 f'(u) = tu™1/? = sz Va g'(z) =22, Ta co

2 cosx+2x8inx.

1

Fl@) = fg(e)g/ () = 20 = m

Giai 2: Néu dat u = 22 + 1 va y = J/u. thi

dy du 1 5 1 5 T
= = 2r = 20 = ——.
dudr  2\/u /2 +1 Vz 1

Vi du 2.1.7. Tinh vi phan y = (23 — 1)'.

F'(a)

Giai: Dat u = g(z) = 2°1, ta c6

99d

dy d
% = —(a® - 1'% = 100(2® — 1) T(a® —1) =100(z° - 1" 32% = 3002%(z® — 1)™.
Vi du 2.1.8. Tim f/(x) néu f(z) = \3/#7“1

Giai: Trude hét viét lai £: f(z) = (22 + 2+ 1)"""*. Do d6

a3 d

1 1 _
fla)= =5 +a+ )PP ha+1) = —o (@ +a+1) oz +1).

Vi du 2.1.9. Tim dao ham cta ham g(t) = (%)9.

Giai: T6 hop cac quy tic tinh dao ham ham mii, ham hop, thuong, ta co:

t—28d t—2 t—2 52t +1).1-2(t—2) 45(t—2)°

2t+1) £(2t+1):9(2t+1) -

g'(t) = 9( (2t + 1)? 2t + 1)

Vi du 2.1.10. Tinh dao ham y = 2z + 1)°(2% — 2 4+ 1)*.

Giai: Trong vi du nay ching ta phai stt dung quy tac nhan trude khi st dung quy tac ham hop

dy . 5 d 3 4 3 4 d 5
%—(2x+1) dx(x r+1) + (2 —z+1) d:p(2x+1)
=2z +1)° 4> — 2+ 1)36%(;1;3 —z+ 1)+ @ —z+1) 5022+ 1)4%(21; + 1)

=422+ 1) — 2+ 1)°B2® = 1)(32> = 1) +5(z® — z + 1) (2 + 1)*2
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chi ¥ méi hang tit ¢6 nhan tit chung 2(2z + 1)* (23 —  + 1)°, ta dat nhan tit chung ra ngoai va
viét lai dudi dang

d
d—y = 2022+ 1)*(@® — 2 + 1)°(172° + 622 — 92 + 3).
Xz

Vi du 2.1.11. Tinh dao ham y = 5™,
Giai: V6i g(r) = sinx va ham ngoai la ham mi f(x) = e*. Vi thé, theo quy tdc ham hop

dy _ d
dr  dzx

sinx

( sinx) — esinx_(s inX>:e COSX.

dx
Ta c6 thé st dung quy téc ham hgp dé dao ham ham mi véi co s6 a > 0. Nhic lai
a=eme Vi thé

a® = (elna)a3 — e(lna)x.

Va theo quy tac ham hop ta co
d d d
d—(af”) = d—(e(lna)x) = e®9% _(Ing)z = ™% Ing = a®Ina.
x

x dx
Vidu 2.1.12. Tim f'(x) v6i f(x) = sin(cos(tan z).

f'(z) = cos(cos(tan x))% cos(tan z)

= cos(cos(tan z)) [— sin(tan x)] . tan x

= — cos(cos(tan z)) sin(tan z)secz.

Vi du 2.1.13. a). Cho 22 + y? = 25. Tim 2. (b). Tim mot phuong trinh cda tiép tuyén véi

duong tron 2% + y? = 25 tai diém (3,4).
Giai: (a). Vi phan hai vé ctia phuong trinh z? + y* = 25 ta co:

dy, o o dy
%(17 +y°) = d$(25)
dy 2 dy 2\

Nhé lai ring y 1a mot ham clia x va diing quy tic dao ham ctia ham hgp ching ta c6:
dy , o d o5 dy dy
htd — DA — 9,2
7 W) dy(y ) =2
Do do6 2z + Qy% = 0. Bay gio ching ta gidi phuong trinh nay theo dy/dx :
dy  «x

dr ~ y’
b). Tai diém (3,4) ching ta ¢c6 z = 3 vay = 4, do d6 % = —3. Nhu thé, phuong trinh cta
dx 4

tiép tuyén véi dudng tron tai (3,4) la: y — 4 = —3(z — 3) hay 3z + 4y = 25.
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Vi du 2.1.14. (a). Tim y néu 22 + y* = 6zy. (b). Tim tiép tuyén v6i La Décac 23 + y* = 6zy
tai diem (3, 3).

(c). Tai diém nao trén dudng cong thi tiép tuyén nim ngang?

Giai: (a). Vi phan hai vé ctia 23 + 3* = 6xy theo x, xem y nhu la ham clia z, va ding quy tac

dao ham ctia ham hgp cho y3 va quy tic tich cho 6xy, ching ta nhan dugc:
322 + 3y*y = 6y + 62y’ hay x* + %y = 2y + 22/

Bay gio chung ta giai theo ¥/ :

2 2 29—952

vy —2ay =2 -1 & (Y -2y =2y—2® &y =

y? —2x’

(b). Khiz =y =3,tacoy = 3'23__;; = —1. Vi vay mot phuong trinh ctlia tiép tuyén véi dudng
L4 Décac tai (3,3) la: y —3 = —1(z — 3) hay z +y = 6.

(c). Dudng thang tiép tuyén la ndm ngang néu 3’ = 0. Dung biéu thiic cia y tit phan (a) ching
ta thay ring ¢ = 0 khi 2y — 22 = 0. Thay y = 122 vao phuong trinh ctia dudng cong ching ta

nhan duge 23 + (%xz)?’ = 6. (327), suy ra 2% = 162%. Vi thé ta c6 « = 0 hodc 2° = 16. Néu

x =163 = 24/3 thi y = 12%/% = 2%/, Do d¢, tiép tuyén nim ngang tai (0,0) va tai (2*/3,25/3).

Vi du 2.1.15. Tim dao ham cta (a) y = —L— va (b) f(x) = warctan /z.
Giai:
(a).

d - 1
— = — (sin"'z) = —(sin"'z) 2.—(sin71x) = —

de  dx dx (sin_lx)_2\/ 1—a2

(b).

KH

PES

G
I

1 1 1/2) VT
T——s | =2 + arctan /r = ———— + arctan \/z.
1+ (vz) (2 2(1 + =)

Vi du 2.1.16. Tinh vi phan y = In(2® + 1).

Giai: Dé dimng quy tac dao ham ctia ham hgp, ching ta dit v = 2% + 1. Khi d6 y = in(u). Ta

-

co
dy dy du 1 du 1 9 32
de  dudr udr a*41 3+1
Vidu 2.1.17. Tim d%ln(sinx).
Giai: Ta co:
1 d 1
e In(sinz) = Slnx.%(sin x) = Sna COST = cot x.
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Vi du 2.1.18. Tinh vi phan f(z) = VInz.

Giai: Lan nay logarit ndm trong ham khéc, do d6 quy tac dao ham ctia ham hop cho ta

, 1 ~1/2 d 1 1 1
z) = —(lnzx —(Inz) = —= .
Jw) 2( ) d-T( ) 2vVInz *  2z+v/Inzx

Vi du 2.1.19. Tinh vi phan f(z) = log;o(2 + sin ).

Giai: Ta co:

d 1 d cos T
() = —log,o(2 + sinz) = —(2+sinz) = .

Jla) = grlosn@ +sine) = o 67 G T = a0
Vi dy 2.1.20. Tim  In 7.
Giai:

d o+l 1 d a+1 Va—2vVz—-21—-(z+1).(1).(z -2

—In = — = .

dr  /x —2 %dx\/a:—2 r+1 r—2

_x—Q—%(:L‘—l—l)_ T —5
o+ D)(z-2)  2@+1)(z-2)

Cach giai 2: Néu chiung ta don gidn héa ham da cho bang cach dung phép toan logarit thi

viéc tinh vi phan sé trd nén dé dang hon:

d r+1 d 1 1 1 1
—1 =— |1 1) —-In(zx —2)| = - - .
dr  Vz—2 dz n(z+1) 2 nz )} r+1 2 (:c—2)

Vi du 2.1.21. Tinh dao ham cta y = %

Giai: Ching ta lay logarit ctia hai vé phuong trinh va diing céc phép toan logarit dé don gian
hoa:

1
Iny = zlnx—f— §ln(.r2 +1) = 5In(3z + 2).

Dao ham ham an theo bién x ta duge
1d 31
W _ 21y
yde 4z

1 2z 5 3
22241 Br+2°

Giéi theo dy/dx ching ta nhan duge

dy 3 x 15
dx dr  22+1 3z +2
Vi chiing ta c6 biéu thiic ham hién theo y nén chiing ta c6 thé thay vao va viét dudi dang:

dy_x3/4 »?+1 (3 x 15
dr (355-1_2)5' dr  x?2+1 3z+2/)°
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Vi du 2.1.22. Tinh vi phan y = 2v°.

Giai: Dung logarit vi phan ta co:

/
Iny =Inzv® =zl y_ Vo.—+ (Inz).

y/:y(\/_——i-(lnx) _) _ Ve <2+1ﬂx).

Giai cach 2: Phuong phép khac 1a viét 2vV® = (e

) = ) — V(i) = o

2+ Inx
dx '

2Vx
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BAI TAP

1 - 22. Tinh dao ham ctia cic ham s6 sau

1. f(x) = 186.5.

4. g(x) = 5x® — 2x° + 6.

10. R(t) = 5t 3.

13. F(x) = (16x)°.

16. g(x)=Vv2u+v3u.

1
19. v=t>-

Vs
922, u=v1t2+2V13.

2. f(x) = v/30.
1
5. f(x) = Z(t4 +8).
8.y =be* + 3.
4
11. V(r) = gr?’.
14. y = vx(x — 1).
x2+4x+3
17 y=——F——.
T

b ¢
20. y=ae"+—+—.
VoV

3. f(x) = 9x* — 3x* + 8.
6. h(x) = (x — 2)(2x + 3).

9. G(x) = v/x — 2¢*.

V10
15. y = 4%

2
-2
18. y:u}_{,
X

A
21 Z:ﬁ—i—Bey.

23 - 24. Tim phuong trinh tiép tuyén va phuong trinh phip tuyén véi dudng cong tai

diém cho trude 23. y = 2*42e®,  (0;2). 24. y = (1 +22)%,  (1;9).
25 - 28. Tim dao ham cap mot va cap hai ciia ham so:
25. f(x) =x* — 323+ 162. 26. G(r) = /1 + /1.
27. f(x) = 2¢ —bxi. 28. f(zx) = e® — 2P,
29 - 42. Tim dao ham cua cac ham sau.
29. f (z) = x%e”. 30. g (z) = Vxe. 3.y = ot
e’ T+ 2 1—u?
2.y = ) _ = . 34. = —:.
2.y 1+ 33 h(x) x—1 J(w) 1+ u?
2
. _ 2 4 _
35.y=(r’—2r)e 36. H (t) = e' (14 3t* +5t*) . 3Ty =351
P+t 1 3
Ly = Fu)={5-= ). 40.y= :
8.y =7 39. F (u) (y2 y3)(y+5y) 0.y = —5=
3
-2
41. y = Y v\/ﬂ‘ 42. 2 = w*? (w + ce®).
v

43. V6i f (z) = x/ (2 + 1), tim f'(x) va f"(z).
44. Véi f (z) = 2*/ (1 + z) tim f" (z).
45. V6i g (v) = x/e® tim g™ ().
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46 - Tinh dao ham cac ham s6 sau.

46. f(z) = 2*sinz. 47. g(t) = 4sect +tant.  48. g(t) = t* cost.

49. f(z) = vxsinz.  50. y =sectanb. 51. y = e“(cosu + cu).
x sinx sec 6

2.y = . 02. Yy = ———. 53. f(0) = ——.

Y= cosz Y= T+ cosa 1) 1 +sect
1 —secx .

55. Yy = ——. 56. f(x) = ze® csc . 57. y = csc (6 + cot §).

tanx

58 - 59. Tinh dao ham bang cach tinh mot s dao ham dau tién va quan sat xem dieu
gl xay ra.

99 d35

58. W(sinz). 59. w(m sinx).

60. Tim hang s6 A vd B sao cho ham y = Asinz + Bcosz thod man phuong trinh vi
phan y” + ¢ — 2y = sinz.
61 - Tim dy/dz bang cach vi phan ham an.

61. 2® 4 xy + 4y* = 6. 62.0% — 2zy +1° = c. 63. 2%y + ry* = 3z.
64. y° + 2%y = 1+ ye* . 65. /2y = 1 + 2%y. 66. 1+ 2 = sin(xy?).
67. 4cosxsiny = 1. 68. zcosy +ycosx = 1. 69. e*/V =z —y.

70. ysinx 4 cosy = sin . cos y.
71. Cho f(z) + 22[f(z)]> = 0 va f(1) = 2. Tim f/(1).
72. Cho g(x) + xsing(z) = 2. Tim ¢(0).
73 - 78. Dung vi phan ham an dé tim mot phuong trinh ctia dudng thing tiép xtc véi
dudng cong tai diém cho sin.
73. 2 +xy+y* =3, (1,1) (buong Elip).
74, 22 + 2zy —y?* + 2 =2, (1,2) (Dudng Hypebol).
75. 2% + % = (222 + 2% —2)°, (0,1/2) (Duong trai tim).
76. 223 + 4?3 =4, (-34/3,1) (Duong hinh sao).
77. 222 + 2% = 25(2% — 4?), (3,1) (Dudngg Lemiscat).
78. v} (y? — 4) = 2*(2* = 5), (0,—2) (Duong ctia ma quy).

79 - 95. Tinh dao ham cac ham sau:
79 .f(z) = In(2* + 10). 80. f(#) = In(cosh). 81. f(x) = cos(lnx).
82.f(r) = VInz. 83. f(z) = In /x. 84. f(z) = logy(1 — 3z).

85. f(z) = logs(ze®).  86. f(z) = VTlna.  8T. f(t) = ifiii
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(2t 4+ 1) Inx
(3t —1)* 14z

[3u+ 2
u_

94. y = In(e™® + ze™®). 95. y = [In(1 + €7)]*.

88. F(t) =In 89. h(z) = In(z + Va2 —1). 90. y =

96 - Duing logarit hoa dé tim dao ham ctia ham.

2 4
¢
96. y=(2r+1)°@" —3)° 97 y=yae @@+ 98 y=""T L
@+ 1)
211
09. y = /== 100. y = 2°. 101. y = %%,
x4 —1
102. y = (cosz)". 103. y = V" 104. i = (tan)"/".

105. y = (sinz)™".

2.2 Ung dung ctia dao ham

2.2.1 Céc ty lé thay doi trong khoa hoc tu nhién va khoa hoc xa hoi

Vi du 2.2.1. Vi trf cia mot hat duge cho bdi phuong trinh s = f (¢) = t* — 6t + 9¢ vdi t dugc
do theo don vi giay va s dugc do theo don vi mét.

a) Tim van toc tai thoi diém t.

b) Tim van toc sau 2 giay? Sau 4 giay?

¢) Khi nao hat ding yén?

d) Khi nao hat di chuyén di t6i? (nghia la hat di chuyén theo huéng duong).

e) Vé biéu do6 minh hoa sy chuyén dong ctia hat.

f) Tim tong quang duong hat di duge trong 5 giay dau tién.

g) Tim gia toc tai thoi diém t va sau 4 giay.

h) V& do thi cac ham vi tri, van tdc, gia tdc clia hat v6i 0 < ¢ < 5.

i) Khi nao hat di t6i nhanh? Khi nao hat lui cham?

Vi du 2.2.2. Mot cay gay ho#c thanh kim loai dong chat, khi d6 mat do tuyén tinh ctia né 1a
nhu nhau va duge xac dinh bang khéi lugng trén mot don vi do dai (p = m/l) va don vi do 1a
kilogram trén mét. Tuy nhién, gid sit cay gay khong dong chat, nhung khéi lugng clia né duge

do tit dau mut t6i diém x 1a m = f (x). Khéi lugng clia cay gay phan nam giit z; va 2 duge
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cho béi Am = f (z3) — f (z1), vi vy mat do trung binh ctia né la

Am  f(x2) = f (1)

Az To — T1

Bay gio, néu ching ta cho Az — 0 (nghia la x5 — z;), ching ta dang tinh mat do trung binh
trén mot khoang rat nho. Mat do tuyén tinh p tai x; 12 gi6i han cia cac mat do trung binh khi
Az — 0; nghia 13 mat do tuyén tinh 14 tdc do thay ddi ctia khéi lugng tuong tng véi do dai.
Ky hiéu

A:IUIEO Az dx

Vay, mat do tuyén tinh clia cay gay chinh la dao ham ctia khdi lugng tuong ting véi do dai.
Vi du 2.2.3. Dong dién xuat hién tai bat ky noi ma c6 sy chuyén dong cua cac hat mang dién
tich. Hinh duéi chi ra mot phan ciia sgi day va cac electron chuyén dong qua mot mét phang.
Néu AQ 1a s6 dién tich qua mat nay trong khodng thoi gian At khi d6 cuong do trung binh
cua dong dién trong khoang thaoi gian nay duge xac dinh

AQ  Qy— @y
At t—t

Néu chiing ta lay gi6i han ctia cudng do trung binh trong mot khoang thoi gian rat nho, ching
ta nhan duge nhitng gi dude goi 1a cuong do dong dien I tai thoi diém ¢4

I = lim&—@
A0 At dt

Vi du 2.2.4. Cho n = f(t) la s6 thuc thé dong vat hodc thuc vat tai thoi diém ¢. Sy thay doi

s6 thic thé giita hai méc thoi gian t = ¢,,t = ¢, 12

An = f(t2) — f(t1).

Va do do, ty 1é tang trudng trung binh trong khoang thaoi gian t; <t <t, la
An  f(t2) — f(t1)

t1 lé tang truéng trung binh = — =
s rane & Mg At ty— 1

Ti 1é tang trudng tic thoi thu duge tir ti lé tang trudng trung binh khi At tién dan vé 0:

2 1A s , . An dn
ti lé tang truéng = Alimo N

N6i ding ra, ti 1&¢ nay khong chinh xac bdi vi do thi thyc té ctia ham s6 thuce thé n = f(¢) 1a
ham bac thang. Dai lugng nay khong chinh xéc bdéi vi do thi thuc té ctia ham s6 thuc thé n
=f(t) 1a ham bac thang n6 khong lién tuc khi hién tugng sinh tit x4y ra, vi thé n6 khong kha
vi. Tuy nhién, néu sé thuc thé tuong déi 16n, ta c6 thé thay thé do thi bdi dudng cong nhin

xap xi nhu trén Hinh 2.2.1.
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Hinh 2.2.1

Dic biét hon, xét s6 vi khuan trong mot loai chat dinh dusng dong nhat. Gia s rang s6 vi
khuan tai khodng thoi gian nao d6 duge xéac dinh gap doi sau mbi gio, Néu goi ng 1a s6 vi khuan

tai thoi diém ban dau va t tinh theo don vi gis, thi
F(1) = 2f(0) = 2no;  F(2) = 2f(1) = 22n,.

Va tong quét, F(t) = 2tng. Ham s6 vi khuan duge xéc dinh n = ng2t. Ta c6 -£(27) ~ 0,69.2°.

Vi thé ti lé tang trudng ciia vi khuan tai thoi diém ¢ 1a

dn d
E = E(n()Qt) ~ TLQ.O, 692t

Chén han, Gia st s6 vi khuan ban dau la ng = 100. Thi ti 1é ting tuong tng sau 4 gio la

d
T ~100.0,69.21 = 1104.
dt |,_,

Diéu nay c6 nghia 1 sau 4 gid, sé vi khuan tang theo ti 1é khoang 1100 vi khuan trén 1 gis.
Vi du 2.2.5. Khi ching ta xét dong mau chéy trong mach méu( tinh mach hodc dong mach),

ta c6 thé mo phéng hinh dang ctia mach mau nhu mot éng hinh tru véi ban kinh R, chiéu dai

[, minh hoa trén Hinh 2.2.2.

Hinh 2.2.2

Bdi vi ¢6 su va cham lén thanh dng, nén van toéc v clia dong mau tai truc tdm clia 6ng va

giam dan vé phia thanh theo khodng cach r cho dén khi v = 0 tai thanh éng. Quan hé gitta
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v va r dude cho bdi quy tac luong laminar duge kham pha bdi nha vat 1§ hoc nguoi phap
Jean-Louis-Maie Péieuille vao nam 1840. Quy tic nay xac dinh bdi cong thiic

P

_ s o
U_4nl(R %)

. Trong dé6 n 1a do dinh ctia mau va P la ap suat chénh lech gitta 2 dau 6ng. Néu P va [ 1a hing

s6 thi v 1a mot ham ctia r v6i mién xac dinh [0, R]. Ty 1é thay doi trung binh ctia van téc duy

chuyén tit r = r; ra r = r, dudc xac dinh béi

Av _ v(rg) — ()

Ar T — T

Va néu Ar — 0 ta thu duge gradient van téc, c6 nghia la sy bién doi van tbc tic thai theo r

duge tinh bdi
Av  dv

Gradient van toc = lim — = —.
i Ar—0 Ar  dr

Khi do6 ta duge
dv P Pr

Chéng han, véi mot ngudi ¢6 dong mach nhd, chon
n=0,027, R = 0,008cm; [ = 2cm; P = 4000dynes/cm?.

Ta co
4000

_FUU I 046, 4.10-6 _ 12
U= 100272 0 00064 = 7%) ~ 1,85.0%(6, 4107 — 7%)

tai 7 = 2cm, mau chay véi toc do v(0,002) ~ 1,11em/s, va gradient van toc tuong ting la

d 4000.0, 002
d_v —————— ~ —T4(em/s)/cm.
"

0,002 2.0,027.2

Néu thay doi tit don vi centimetres sang micrometres (1em = 10000um) thi ban kinh ctia dong
mach 1a 80um. Van toc tai tam truc 1a 11850um/s, n6 gidm dén 11110um /s v6i khodng cach
r = 20um. Ta c6, dv/dr = —74(um/s)/um. Két qua nay noéi len rang, khi r = 20pum, van toc

gidm xudng theo ti 16 khoang 74um/s tréen mot micrometre tinh tit tam.

Vi du 2.2.6. Goi C(z) la tdng chi phi dé san xuat ra = don vi hang hod nao d6. Ham
nay dudc goi 1a ham chi phi. Néu s6 san pham ting tit 1 dén z, thi chi phi tang len la
AC = O(xy) — C(x1). Va ti 1¢ chi phi thay déi trung binh

AC _ C(wa) = Clan) _ Clwr + Az) = Clzr)

Ax To — X1 Az
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Gidi han ctia dai lugng nay khi Az — 0 chinh I3 ti 1é thay doi chi phi tiic thsi tuong tng vé6i
s6 san pham va dugc goi 1 chi phi can bién theo céc nha kinh té hoc:

. AC dC
hi phi bién te = lim — = —.
Chi phi bien t& Aro Ax dx

Vi z nhan gia tri nguyén nén khong thé x4y ra truong hgp Az — 0, nhung ching ta c6 thé

thay C(x) bdéi ham tron xap xi dat Az — 0 va n dt 16n sao cho x nho so véi n ta c6
Cn)~C((n+1)—C(n).

Vay c6 thé bi¢u dién ham tong chi phi béi da thic C(x) = a + bz + cx®. V6i a 1 chi phi ¢b
dinh, cac heé s6 tiép theo bicu dién chi phi nhién liéu, cong lao dong, v..v..(Chi phi nguyeén liéu
tho ti lé v6i x, nhung cong lao dong ngoai viéc phu thudc vao x con phu thudc vao cuong do
lam viéc.)

Vi dy, mot cong ty c6 thé tinh duge chi phi ( tinh theo / san pham. Diéu nay cho théy ti 1é chi
phi ting theo s6 san pham khi 2 = 500 v& c6 thé tien doan rang néu san xuat 501 san pham
thi chi phi sé tang len C(501)C'(500) = 15, 1.

Céac nha kinh té nghién citu nhu cau, 1gi tiic va lgi nhuan bién té, né chinh 14 dao ham ciia cac
ham nhu cau, lgi tidc va i nhuan . Diéu nay sé duge nghién citu trong chuong 6 sau khi ching

ta nghién ctu cach tim gia tri cyc dai, cuc tiéu ctia ham.
BAI TAP

1. Mot chat diém chuyén dong theo phuong trinh S = f(t) = 3 — 12t2 4 36t, ¢ > 0 trong
do t tinh theo s va S tinh theo m.

a) Tim van toc tai thoi diém ¢.

b) Tim van toc sau 3s.

c¢) Khi nao thi chat diém roi vio trang thai nghi?

d) khi nao thi chit diém tién vé phia trusc?

e) Tim tdng quang dudng di sau 8s?

f) V& do thi nhu trén hinh 2 dé minh hoa chuyén dong ctia chat diém.

h)Vé do thi clia cac ham van toc, gia toc, khodng cach trong khoang 0 <t < 8.

i) Khi nao thi chat diém dat téc do cao nhat, thap nhat?

2. Mot chat diém chuyén dong theo truc ox, vi trf ctia né tai thoi diém t cho béi biéu

thitc z(t) = t/(1+1t)*,t > 0 véi ¢ tinh theo s va s tinh theo m.
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a) Tim van toc tai thoi diém t?
b

c¢) Tim tong khoang cach di dugpc trong 4s?

)
) Khi nao thi chat diém dich chuyén qua trai, qua phai ?

d) Tim gia toc tai thoi diém ¢, khi nao thi gia téc bang 07

e) Vé do thi clia cac ham van toc, gia téc, khoang cach trong khoang 0 < ¢ < 4. f) Khi
nao thi chat diém dat téc do cao nhét, thap nhat?

4. Ham khodng céch ctia mot chat diém cho béi phuong trinh S = 3 — 4,52 — 7t. a) Khi
nao thi chat diém dat van tdc 5m/s?

b) khi nao gia toc =07 ¥ nghia ctia gia tri ¢ tim dugc?

5. Mot qua bong lan v6i van téc ban dau 5m/s trén mat phang, khoadng cach lan clia né
sau ts la S = 5t + 3t3.

a) Tim van toc sau 2s?

b) sau bao lau thi van téc dat duge 35m/s?

6. (a) Thé tich cta khoi cau duge tinh béi cong thic V = 2ar® v6i r tinh theo
micromet(1gum = 107%m). Tim ti 1¢ thay ddi ctia V theo r khi r thay doi tit: i) 5 tdi
8um. ii) 5 dén 6um. iii) 5 dén 5, 1um.

b)Tim ti 1& thay ddi tic thoi ciia V' theo r tai thoi diém r = 5um. ¢) Chi ra rang ti 1é
thay doi ctia thé tich qua cau so véi ban kinh bing dién tich bé mat clia né. St dung
phuong phap hinh hoc giai thich.

7. Mot cai bon chita 500 nuée, nude chay ra tit ddy bon trong 40 phut, theo quy tac Tor-

2
L))

ricelli cho ta cong thiic tinh thé tich ctia nuée con lai trong bon sau ¢ 1a V = 5000(1 — 1

0 <t <40.
Tim ti 1¢ tai thoi diém nudc chdy khéi bon sau a) t phiit, b) 10 phiit, ¢)20 phit, d) 40

phit . Tai thoi diem nao thi dong nuéc chay véi téc do nhanh nhat, cham nhat.

2.2.2 Quan hé gita cac dai luong bién thién

Vi du 2.2.7. khong khi ditoc bom vao trong mot qué cau thé tich ciia né tang len téc do 100
cm3/s. Hoi ban kinh ciia qué cau tang lén bao nhiéu khi duong kinh 1a 50cm?
Giai: Ta bat dau nhan dang hai dai lugng:

Dai lugng da biét: Téc do tiang cud thé tich khong khi 1100cm3/s va chua biét 1a: toc do
tang ctia ban kinh khi duong kinh la 50cm.
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Dé biéu thi nhitng dai lugng toan hoc nay, ta dua ra cac ki hiéu sau: Dat V' 1a thé tich cla
qud cau va r 1a ban kinh.

Chia khoa giai quyét bai toan téc do thay doéi chinh la dao ham. Trong bai toan nay,thé
tich va ban kinh déu la nhitng ham theo thoi gian. Téc do tang thé tich cu thé theo thoi gian
13 dao ham dV/dt, va tdc do tang ctia ban kinh 1a dr/dt. Ta phat bicu lai dai lugng da biét va
chua biét nhu sau: Biét: & = 100 cm?/s.

Chua biét: & khi r = 25cm. Dé két noi dV/dt va dr/dt. Su lien quan gitta V' va r duoc
cho béi cong thitc thé tich ctia khéi cau:
4
V= 37 3.
Dé stt dung thong tin da biét, ta dao ham hai vé ctia phuong trinh theo t. Dé dao ham vé phai
, ta stt dung quy téc dao ham ham hop:

dv._dvVidr _  ,dr
a dt dt T w

Néu ta cho r = 25 va dV//dt = 100 trong phuong trinh nay , ta duge

dr 1 1

— = 00 = —.
dt  4m(25)° 257

Béan kinh qué cau tang len vé6i toc do 1/(257) cm/s.

Vi du 2.2.8. Mot cai thang dai 5m dit dua vao tuong. Néu chan thang dich chuyén ra xa
tuong v6i toc do 1m/s, héi phan trén clia thang trugt xuéng dusi tuong nhu thé nao khi chan
thang dich xa céch tuong 3m?
Giai: Gia st z met 1 khoadng cach tit chan thang dén bitc tuong va y met 1a khodng cach ti
dau thang dén mat dat. Cha y rang = va y 1a hai ham theo ¢ (thoi gian do bang giay).

Biét dz/dt = 1m/s va cau hoi dit ra 1a tim dy/dt khi 2 = 3m ( xem Hinh 2.2.3). Trong bai

toan nay, quan hé gita x va y dugc cho béi dinh li Pytago:
2? +y* = 25.

Dao ham hai vé theo t stt dung quy tiac dao ham ham hgp, ta c6

dx dy
20— 4+ 2y— = 0.
T T
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Va giai phuong trinh nay ta dugc:
dy  xdr
dt  ydt
Khi z = 3, dinh i pytago ta c6 y = 4, thé cic gia tri nay va dz/dt = 1, ta c6
dy 3 3
= _2(1)=—"m/s.
o = g =g
Nhu vay dy/dt 1a am diéu nay c6 nghia la khoang cach tit dau thang dén mat dat la giam vdi

toc do %m/s. N6i cach khac, dau thang trugt xuéng mat dat doc theo tuong véi téc do %m/s.

wall

dy
dr

2

x ground _—

Hinh 2.2.3

Vi du 2.2.9. Xe A dang di vé phia tay v6i van toc 1a 90km/h va xe B di vé huéng bac véi
van toc 100km/h. Ca hai xe déu di vé dilem giao nhau clia hai con dudng. Tinh van toc gan
ding ctia mdi xe khi xe A cach 60 m va xe B cach 80m tit diém giao nhau?
Giai: Ta vé Hinh 2.2.4, C' 1 diém giao nhau ctia cac dudng. Tai thoi diiém ¢, gia sit « 1a khoéng
cach tit xe A dén C,y 1a khoang cach tit xe B t6i C, va z 1a khoang cach gitta cac xe, trong d6
x,y, 2 duoc tinh bang km.

Ta ¢6 dz/dt = —90km/h va dy/dt = —100km/h. (Dao ham am vi z va y la gidm). Tim
dz/dt. Phuong trinh lién quan dén cac dai lugng z, ¥, 2 cho béi dinh 1i Pytago, dao ham mdi

vé clia phuong trinh theo t, ta c6

dz dx dy dz 1 ([ dx dy
PP R Wie: A A e
A T AT z(xdt+ydt>

Khi z = 0.06km va y = 0.08km, theo dinh 1i Pytago ¢6 z = 0.1km, vay

dz 1
e _10.06(— 08(—=1 =—-134 .
701 [0.06(—90) + 0.08(—100)] 3

Céc xe c¢6 van toc gan dung 1a 134km/h.

Vi du 2.2.10. Mot nguoi dan ong di bo doc theo dudng véi van toc 1.5m/s. Mot cai den pha

roi xuéng mit dat 6m va roi vio ngudi ay. Hoi goc quay ciia deén pha thay doi nhu thé nao khi
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ngudi dan ong cach diém den pha chiéu vuoéng géc xudng dusng Sm.

Giai: Ta vé Hinh 2.2.5 va gia st o 14 khodng cach tit nguoi dan ong dén diém den pha chiéu
vuong goc xudng con duong. Ta gid sit 0 1a goc gifta tia sang ctia deén pha va dudng vuong goc
xuong duong.

Ta ¢6 dz/dt = 1.5m/s va tim d/dt khi z = 8. Phuong trinh lien quan dén z va c¢6 thé viét tu
Hinh 2.2.5

%:tanﬁ —  x=6tan.

Dao ham hai vé theo t, ta dugc:
da , . do
— = 0—.
7 6sec o

Vay khi x = 8, do dai clia tia sdng 1a 10, vay va dén pha quay véi téc do 1a 0.16rad/s.

C X A /E‘\
2
y - x fl -
B 20
a8
Hinh 2.2.4 Hinh 2.2.3
BAI TAP

1. Néu V la thé tich ctia hinh lap phuong véi do dai canh 1a z va hinh lap phuong gian
ra theo thoi gian, tim dV/dt theo dz/dt.

2. (a) Néu A la dién tich ctia hinh tron v6i ban kinh » va hinh tron nay gian ra theo
thaoi gian, tim dA/dt theo dr/dt.

(b) Gia stt dau tran ra tit thing dau va tran ra theo dang hinh tron. Néu ban kinh cta
viing dau tang vé6i téc do 1m/s, héi dién tich ciia viing dau tang lén bao nhiéu khi ban
kinh 1a 30m?

3. Canh ctia hinh vuong tang lén véi toc do 14 6 cm/s. Hoi toc do dien tich ctia hinh
vuong tang nhu thé nao khi dién tich ctia n6 1a 16em??

4. Chiéu dai ctia hinh chit nhat tdmg véi toc do 1a 8em/s va chiéu rong ting véi van toc
12 3cm/s. Khi chiéu dai 1 20 em va chiéu rong 13 10 em, héi dién tich ctia hinh chit nhat

tang nhu thé nao?
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5. Néu y = 23 + 22 va dw/dt = 5, tim dy/dt khi 2 = 2.

6. Néu 22 + y?> = 25 va dy/dt = 6, tim dx/dt khi y = 4.

7. Néu 22 = 22 + %, dx/dt = 2 va dy/dt = 3, tim dz/dt khi 2 =5 va y = 12.

8. Mot hat di chuyén doc theo dudng cong y = +/1 + 23. Khi n6 tdi diém (2,3), toa do y
sé tang len véi toc do 1a 4em/s. Hoi toa do x sé thay doi nhu thé nao tai thoi diém do?
9-12.

(a) Nhitng dai lugng nao duge cho trong bai toan?

(b) Dai lugng nao chua biét?

(c) Viét mot phuong trinh lién quan dén cac dai lugng.

(d) Hoan thanh viéc gai bai toan.

9. Néu mot hon tuyét tan ra ma dién tich bé mit clia né gidm véi toc do 1em? /pht, tim
toc do ctia duong kinh gidm nhu thé nao khi duong kinh 13 10cm.

10. Tai budi trua, thuyén A cach thuyén B la 150km vé huéng tay. Thuyen A la di vé
huéng dong véi van toc 1a 35km/h va thuyen B di vé huéng bac 25km/h. Hoi khoadng
cach gitta cac thuyén thay doi nhu thé nao vao lic 4 : 00P.M?

11. Mot may bay bay theo duong ngang véi do cao 2km so v6i mit bién véi van téc la
800km/h ngang qua tram rada. Hoi toc do khi khodng cach tit né dén tram gidm nhu
thé nao khi né cach xa tram 3km.

12. Mot den duong dit & trén diém cao 5m. Mot ngusi dan ong cao 2m di bbo ra xa
diém vé6i van toc 1a 1.5m/s doc theo con dudsng. Héi bong clia anh ay di chuyén nhu thé
nao khi anh ay cach diém 10m?

13. Hai xe bt dau xudt phat tit mot diém. Mot xe di vé huéng nam véi bvan toc la
30km/h va xe kia di vé hudng tay véi van toc 1a 72km/h. H6i khodng cach gitta hai xe
tang vdi toc do nhu thé ndo sau hai gio?

14. Mot den pha trén nén chiéu sang vao mot biic tuong cach 12m. Néu mot ngudi dan
ong cao 2m di bo tir dén pha vé hudng ngoi nha véi van toc 1a 1.6m/s. Hoi chiéu dai clia
béng anh ay trén ngoi nha gidm nhu thé nao khi anh iy cach ngoi nha 4m?

15. Mot ngusi dan ong di bo vé huéng bic véi van toc 1a 1.2m/s tit diem P. Nam phiit
sau ngudi phu nit bat dau di bo vé huéng nam véi van toc 1.6m/s tit diém cach diém P

200m veé phia dong. Hoi toc do clia mdi nguoi di sau 15 phut sau khi nguoi phu ntt di.
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2.2.3 Gia tri 16n nhat va gia tri nhé nhat

Vi du 2.2.11. Tim diém t6i han ciia ham f(z) = z°/>(4 — z).

Giai: Theo quy tac dao ham ta co:

, 3 ) 3(4—-5) s

— 277 _ /s(_1) — S\N° Y/ 0.0/

f(x)—5x SAd—x) + x/5(—1) = =T x /e
3(4—x) -5z 128z

5x°/s A
Do d6, f'(z) = 0 néu 12 — 8z = 0, suy ra z = 3, va f'(z) khong ton tai tai 0. Vay, diém téi
han 1a % va 0.
Vi du 2.2.12. Sit dung phép tinh dé tim chinh xac géi tri 16n nhat va gia tri nhé nhat cta
ham
f(z) =2 —2sinx, 0 < x < 2.
Giai: Ham f(z) = 2 — 2sinx lien tuc trén [0,27]. VI f'(z) =1 — 2cosx, f'(z) = 0 khi cosx=31

suy ra = 7/3 hodc 57 /3. Gia tri clia f tai cac diém t6i han 1a

F(/s) == —2sins =% — /3 ~ —0.684853
3 373
5 57 5
fF/3) = % - 2sm?7T = % + /3 ~ 6.968039.

Gia tri ctia ham f tai cac diém mat 1a
f(0)=0 va f(2m) = 27 ~ 6.28.
So sénh bon gid tri va st dung phuong phap khoang déng, ta thiy gia tri nhé nhat 1a f (7/3) =
T — /3 vagié tri lon nhat f (57 /) = 2 + /3.
BAI TAP

1-2. Cho cac s6 a, b, ¢, d, e, r, s va t. Dira vao do thi cia cac ham , hay chi ra dau la
gia tri nhé nhéat hoac 16n nhat, cuc dai hodic cuc tieu dia phuong hodic khong 1 cuc dai
ciing khong 1a cuc tiéu.

Ly g 7
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3 - 16. Tim céac diem t6i han ciia ham s6

3. f(r) = ba® + 4x. 4. f(z) = 2° + 2% — 7. 5. f(x) = 2% + 327 — 24x.
6. f(x) =2 + 2% + 2. 7. s(t) = 3t* + 413 — 6t 8.9(t) = |3t — 4.

o oz s 2
9. f(r)—r2+1. 1O.f(z)——22+z+1. 11. F(z) =z /5(z — 4)".
12.G(x) = Va2 — z. 13. f(6) = 2cosf + sin?4. 14.9(0) = 40 — tan§.
15. f(z) =xInx. 16. f(z) = ze™.

17 - 24. Tim gia tri 16n nhat va gia tri nho nhat ctia ham f trén khoang.

17. f(z) = 32> — 12z + 5, [0,3]. 18. f(z) =2* — 32+ 1. [0,3].
19. f(z) = 22% — 32° — 120+ 1, [-2,3]. 20. f(z) = 2® — 62% + 92 + 2, [~1,4]
21. f(z) = 2* — 22° + 3, [-2,3]. 22. f(x) =v9—22, [-1,2]
2 1
2. f(@)=a”+, [5.2) 24. f(2) = = [0.3].

2.2.4 DPao ham va hinh dang ctia dudng cong
BAI TAP

1 - 8. (a) Tim khoang tang ho#c gidm ctia ham f.
(b) Tim gia tri cyc dai va cyc tiéu clia ham f.

~ ~ 2 ~ N < 2 £
(¢) Tim cac khoang 16m va diem udn.

1 f(z) =2° — 122 + 1. 2. f(x)=a*—4x—1. 3. f(x) = ze”.
4. f(zr) =2 — 2sinz, [0,3n]. 5. f(x) = xfjtS' 6. f(x) = x?e".
7. f(m):lnTj 8. f(x) =zlnx.

9 - 18 .(a) Tim cac khodng tang hodc giam.
(b) Tim gi4 tri cyc dai va cuc tiéu.

(c) Tim khoang 16m v& diém udn.

9. f(x) = 22° — 32* — 12z. 10. g(x) = 200 + 82* + z*
11. h(z) = 32° — 52° + 3. 12. h(z) = (2* — 1)°

13. A(z) = 2V + 3. 14. B(z) = 3a3 — 1.

15. C(z) = x5 (x + 4) 16. f(z) = In(1 + z2).

17. f(z) = 2cosx +sin’z, —7 <z < 7. 18. f(z) =2x +cotz, 0 <z <.
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19 - 26. (a) Tim tiém can ngang va tiém can ding. (b) Tim céc khodng tang hoac gidm.
(c) Tim gia tri cuc dai va cue tiéu. (d) Tim cac khodng 16m va diém udn. (e) St dung
thong tin tt (a)- (d) vé do thi cla f.

2 2

19. f(z) = xf_ - 20. f(z) = @f—2)2 21, fl#) = V@ ¥ 1—=
22. f(z) = ztanwx, %ﬁ<x<g. 23. f(z) =In(1 — Inx). 24. f(z) = 1_7_:;5.
25. f(z) = e, 26. f(z) = In(tan’z).

2.2.5 Dang vd dinh va quy tic L’Hospital

Vi du 2.2.13. Tim giéi han hm 1““””1
Giai: Vi

limlnz=In1=0 va lim(zx—1)=0

z—1 z—1
Ta c6 thé dung quy tic L'Hopital:
Inx <4 (Inz) 1

lim = lim d—zlim =lim-=1
z—1lgp —1 z—1 i (gj—l) z—1 1 z—1 2

|& 1~

Vi du 2.2.14. Tinh lim &.

T—00
Giai: Ta c6

lim e® =00 va lim 22 = oo,

Tr—00 Tr—00
vay quy tac Lopital ta co:
¢’ (e) e

lim — = lim i = lim .
T—00 3;‘2 T—00 —(Qj2) T—00 23}
dx

Vi e® — oowva 2x — oo khi x — oo, gi6i han & vé phai cling vo dinh, nhung dung quy tic

Lopital lan thit hai

T T

e . e e
lim — = lim — = lim — = 0.
T—00 Qj2 T—00 237 r—o0 U

Vi du 2.2.15. Tinh lim h;—z

Tr—00

Giai: Vilnz — oo va /x — oo khi x — oo, ap dung quy tac L’Hopital:

Vi du 2.2.16. Tinh lin% tal;%
Giai: Chi ¥ rang ca tanx —x — 0 va 2° — 0 khi 2 — 0 , ta ding quy tic L’Hopital:

tanz — x o osec? —1
= lim ——.
x—0 :L‘3 x—0 33;’2
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Vi gi6i han ¢ vé phai vin c6 dang vo dinh 3. Stt dung quy téc Lopital lan nita:

. osec? —1 . 2sec’xrtanx
lim ————— = lim ——————,
x—0 31’2 x—0 61‘

Vi lim sec? = 1, ta tinh don gidn bang cach viét:

z—0

. 2sec’ztanz 1 5 .. tanxz 1. tanx
lim ————— = —limsec” - lim

x—0 61‘ x—0 x—0 x 31%0 x

Ta c6 thé tinh gidi han cudi bing cach st dung quy tdc L’Hopital lan thi 3 hoic bing cach

viét tan z bang
sin x

cos T
va diing kién thic gidi han luong giac. Két hgp tat ca ciac bude, ta dude

sec?x

1

tanx — x . osectr —1 2sec’x tan x 1. tanzx 1
= -li —.
x—0 x?’ x—0 3$2 x—0 6;13 31%0 x 3:):%0 1 3

Vidu 2.2.17. Tinh lim xIlnx.

z—0t
Giai: Gi6i han da cho c¢6 dang vo dinh vi , khi z — 0%, nhan ti dau z tién dén 0 trong khi

nhan t thit hai Inz tién dén —oo. Viét x = 1, ta c6 % — 00 khi x — 07, do vay quy tac

L’Hopital cho ta

. . Inxz . L
lim zlnz = lim - = lim
z—0t z—0t P

— = lim (—z) =0.

z—0t —z z—0t

Vidu 2.2.18. Tinh lim (secz — tan z).
(3)

Giai: Chi y rang secz — 0o va tan 2 — oo khi # — %, do vay gi6i han c6 dang vo dinh. Diing

mau s6 chung

lim (secx —tan ) = lim

—(3) ==(5)

Cha ¥ rang ding quy tac Lopital 14 hop 1y béi vi

1 sinx . 1 —sinx i —Cosx
COS T COSZT

1 —sinz — 0 va cosx — 0 khi x—><g>

Vi du 2.2.19. Tinh
lim (1 4 sin4z)°*™

z—0t
. Gidi: Truéc hét cha y rang

x— 0
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, ta co

l+sinx —1

cot — oo

, vay gidi han da cho la vo dinh. Dat y = (1 +sin4z)°°™, thi Iny = In[(1 + sin 4z)"""]

cot z(In 1+ sin4x).

Ta tinh gi6i han clia Iny, nhung ta can tinh giéi han ctia y. Dé tinh ta ding cach y = e™¥
lim (14 sindz)®"* = lim ™Y = ¢,
z—07F z—07t

Vidu 2.2.20. Tim lim z*.

z—0t

Giai: Cht y rang gidi han nay c6 dang vo dinh vi 0% = 0 v6i bat ki x > 0 nhung 2° = 1 v6i

bat ky x # 0. Ta c6 thé lam nhu & vi du trén hodc viét ham dudi dang mii co s6 e.

% = (eln$)m — 6$lna:
Ding quy tac L'Hopital va dudc: 1im+ xlnx = 0.
z—0
Do d6 lim 2% = lim e =0 = 1.
z—07t x—07F
BAI TAP

1 - 36. Tim gi6i han . Dung quy tac L'Hospital. Néu c6 phuong phap so cap khac, hay

stt dung n6. Néu quy tac Lopital khong dung dudge, gia thich tai sao?

21 a1
1. lim 2 2. lim = 3. lim —>2T
-1 x + 1 r—1 gt — 1 ee(z)t 1 —sine
t T _1 3 _q
4, Jip L AT 5. lim ——. 6. lim <
z—0 sinx z—0 SInx t—0 t
t 1 —sinf |
7. im anp:c‘ 8. lim i ) 9. lim ﬂ
z—0 tan qr f—oco  esef) -0t X
Inl 5t — 3t 1
10. lim ——2 11. lim . 12. Tim ——
z—o00 T t—0 t z—1 S1N7TY
o ef—=1—-x .et . T
B s P T 2o
— 1—2-—1
16. lim 2L — COSNT 17. lim ——~ 2% 18.1im ———.
z—0 2 z—1 1+ cosmx z—0 tan (4z)
a __ _ 1 1 _ L2z
19, lim 20 * 0 20, Tim —— | 21 lim ZInz.
z—1 (x — 1) z—0 secx z—0+
22. lim z2e*. 23. lim e “lnzx. 24. lim sec 7Txcos3x.
T—00 Tr—00 x_,g
1
25 lim z¢™* 26. lim ztan —. 27. lim (a:e% — ).

r—00

T—00 €T

r—00
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1 1

28. lim (esex — cot x). 29. lim (z —Inx). 30. lim (— — )

x—0 T—00 z—1 \Inzx r—1
31. lim 2*". 32. lim (tan2z)". 33. lim (1 — 22)*.

z—07F z—07t z—0

. a\b» . X . _In2

34. lim (1 + —) . 35. lim (cosx)=?. 36. lim xT+mz,

T—00 xXr r—0 T—00

2.2.6 Cac bai toan téi wu

Vi du 2.2.21. Mot ngudi nong dan c6 1200m hang rao va can rao bao quanh mién dat c¢6 hinh
dang hinh chi nhat va bién giap véi mot con song. Anh iy khong mudn rao doc con song. Hoi
kich thudc ctia viee rao mién dat nhu thé nao dé c¢é dién tich 16n nhat?

Giai: Dé thay dugce diéu gi xay ra trong bai todn nay, ta xét vai truong hop dic biet. Hinh
2.2.12 biéu dién 3 cach c6 thé bo tri hang rao 1200m quanh mién dat. Ta thay ta cd ging lam
can, rong mién dat hodc sau, hep mién dat, ta nhan dude sy lién quan dén dién tich nhé. N6

duong nhu c¢6 vé hép 1y 1a ¢c6 mot vai hinh dang c6 dién tich 16n nhét.

1000 400

1000 1000
2200 700 700

100] 100

)

Area= 100 - 2200= 220,000 fi* Area =700 - 1000 = 700,000 ft* Area= 1000 - 400 = 400,000 ft-
Hinh 2.2.12
Ta gid stt A 1a dién tich hinh chit nhat can
tim. Gid st ¢ va y tuong tng la chiéu sau y

va chiéu rong ctia hinh chit nhat (tinh bang

mét). Thi ta biéu dién A theo x vay. A = zy. ' A !
Ta mudn bié¢u dién A thanh ham mot bién,
vay ta phai biéu dién y theo z. Dé lam diéu
nay ta dung thong tin da cho la tong do dai
Hinh 2.2.13

cua hang rao la 1200m.
Ta c6 2x +y = 1200. Tt phuong trinh ta c6 y = 1200 — 2z, diéu nay cho ta

A = x(12002z) = 1200222°.
Chu ¥ rang x > 0 va 2 < 600 (néu khong A < 0). Do vay ta tim gia tri 16n nhat ctia ham d6

A =12002222,0 < x < 600.
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Dao ham 1a A'(x) = 1200z — 42, do vay dé tim diém tdi han ta gidi phuong trinh 12004z = 0.
Ta duge x = 300. Gia tri 16n nhat cia A c6 thé tim thiy tai cac diém t6i han hoiic tai diém
mit cia khoang. Vi A(0) = 0, A(300) = 180000, va A(600) = 0, Phuong phap khodng dong
cho ta gia tri 16n nhat 1a A(300) = 180000.

Vi du 2.2.22. Mot cai Can hinh tru duge ché tao dé dung 1 L dau. Tim kich thudc sao cho
chi phi nguyén lidu dé ché tao ra cai Can nhé nhat.

Giai: Vé so do trong Hinh 2.2.14, trong d6 r la ban kinh va h 1a do cao (tinh béng centimét).
Dé chi phi nguyén ligu bé nhat, thi tong dién tich ctia hinh tru (trén, dusi, xung quanh) phai
bé nhat. Tt Hinh 1.1.14 ta thiy rang xung quanh dude lam tir dai c6 dang hinh chit nhat véi
kich thuéc 1a 2w va h. Do d6 dien tich bé mit 1a: A = 27r% 4 27rh. Dé tinh h ta ding dién

tich da cho 1a 1L, ta doi thanh 1000cm®. T d6 mr?h = 1000. Suy ra h = %% Thay vao trong

bidu thiic cia A ta dude

1000 2000
A:27rr2+27rr( ) = 2mr? + .

2 r
Tu d6, ham ta mudn tim gia tri nhd nhat 1a A = 2mr? + 20 ¢ > 0.
/___ — ’)77}' _ “l
r
h
h
-——?——
Area 2[7:'1'3] Area (2ar)h
Hinh 2.2.14

Dé tim nhitng diém téi han, ta dao ham:

: 2 A(mrd —
A (1) = e — 2000 _ (7% — 500)

r2 r2

Tir d6 A'(r) = 0 khi 7r® = 500, chi c6 mot diém t6i han r = /320,

™

Vi mién xéc dinh ctia A 1a (0,00), Ta c6 thé thay ring A(r) < 0 véi r < /22 va A(r) > 0
, do vay A giam v6i moi r tién dén beén trai diém t6i han va ting véi moi r tién

véi r > 352—0

3 /500

dén ben phai diem t6i han. Do d6, r = {/%2 phai la mot gia tri nho nhat.

3/200 15

s

Gia tri cia h tuong Ung véi r =

1000 1000 5/900
r ﬂ(%) 3 T

h
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T d6, dé chi phi clia cai canh thap nhat, ban kinh sé 1a ¢/3%em v do cao sé gap doi ban

™

kinh, nghia la, bang duong kinh.

Vi du 2.2.23.

Mot ngusi dan ong di bang thuyen tit mot diém A tren
le— 3 krm —~
bd mot dong song, rong 3km va mudn dén diém B, cach

A C <
diém d6i dién v6i A & bs bén kia 8km cang nhanh cang \

tét. Anh ta c6 thé cheo thuyeén truc tiép qua song dén

diém C, sau dé chay dén B, hoidc c6 thé cheo dén diém 8 km
D gitta C va B va chay dén diém B. Gia st anh ta chéo
6 km/h va chay 8km/h. Anh ta di dén B nhanh nhat 1a

cach nao? (gia sit ring van toc nude la khong dang ke
so v6i toc do cheo thuyeén clia nguoi dan ong). Hinh 2.2.15

Giai: Ta gia sit x 1a khoang cach tit C dén D, thi khodng céch chay 1a |DB| = 8 — x va theo
dinh li Pytago cho ta khoang cach can cheo thuyén 1a [AD| = /22 4 9. Ta ding phuong trinh:

Khoéng céich
Thai gian = ——one A
Van toc

Thi thoi gian cheo la —”‘362+9 va thoi gian chay la S_T“", do vay tong thoi gian 7" 1a mot ham cla

24+9 8—=x
T = .
(z) T3

Mién xéc dinh ctia ham nay 1a [0,8]. Chi ¥ ring néu z = 0 thi anh ta cheéo dén diém C va néu

x = 8 thi anh ta cheo truc tiép dén B. Dao ham cta T la

, 1
Fay--—2 1
6vz:+9 8
Viz >0, taco
, 1
T(2)=0& ——m—=- & 4dr=3Va2+9
6vVr2+9 8
& 1622 =9(2* +9) <& T2* =81
9
~ r=—

Chi ¢6 mot diém t6i han 1 © = \%. Dé tim gié tri nho nhat tai diém t6i han nay hay tai diém

miit ciia mién x4c dinh [0, 8], ta tinh T tai tat cd nhing diém nay:

9 V7 VT3
TO)=15T|(—)=14—~=1.33 T8) = — ~ 1.42.
0 =15 7( ) =1+ % CERE
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Vi gia tri nho nhat ctia T tim duge khi 2 = \iﬁ, do d6 T dat gia tri nhé nhat tai do.
Do d6, ngusi dan ong sé len bo tai diém %km(% 3.4km) theo huéng xudi dong tit diém
bat dau.

BAI TAP

1. Tim hai s6 c6 hieu 1a 100 va tich ctia ching 13 nhé nhat.

2. Tim hai s6 duong c6 tich 1a 100 va tong nhé nhat.

3. Tim mot s6 duong sao cho tong clia né véi sé nghich ddo la cang nhd cang tot.

4. Tim kich thuéc ctia mot hinh chit nhat c¢6 chu vi 100m va dién tich cang 16n cang tot.
5. Tim kich thuée ctia mot hinh chit nhat cé dién tich 1000m? va chu vi cang nhé cang
tot.

6. Xét bai toan sau: Mot nguoi nong dan cé 300m hang rod va mudn déng kin thanh
dién tich hinh chi nhat va sau dé chia lam 4 bai rao kin véi hang rao song song véi mot
canh ctia hinh chit nhat. Kha ning nao dé tong dién tich ctia 4 bai rao 16n nhat.

(a) Vé vai biéu do minh hoa cac truong hgp, mot bai rao can, rong va bai rao sau, hep.
Tim tong dién tich ctia nhitng hinh thé nay, trudng hgp nao cé dién tich 16n nhat? Néu
6, uéc luong truong hop dién tich 16n nhat dé.

(b) Vé biéu dd minh hoa cho trudng hgp tong quat, viét 16i chi thich va gan nhitng ki
hiéu trén biéu do.

(c ) Xay dyng mot biéu thiic tinh tong dien tich.

(d) Dimg nhitng gia thuyét da cho dé xay dyng mot phuong trinh lién quan dén nhiing
bién.

(e) Dung phan (d) dé xay dung mot ham tong dién tich 14 ham mot bién.

(f) Giai xong bai todn va so sanh véi cau tra 161 udc lugng ¢ phan (a).

7. Xét bai toan sau: Mot cai hop khong c6 nap dude tao thanh tit mot miéng cac tong
hinh vuong c6 canh 1a 3m, bang cach cit 4 géc va gap ndi cic canh lai. Tim cach cit
dé thé tich cai hop 16n nhat c¢6 thé duoc.

(a) V& mot s6 bicu dd dé minh hoa cac trudng hgp, mot cai hop thap véi day 16n, cai
hop cao v6i day nhé. Tim thé tich tuong tng ciia ching. Truong hop nao thé thich cta
cai hop 16n nhat? Néu c6 thé, hay udc luong theé tich 16n nhat do.

(b) Vé mot bieu do minh hoa truong hgp tong quat. Viét 1oi chi thich v gén cac ki

hiéu trén bieu do.
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(c) Viét cong thiic tinh theé tich.

(d) Sit dung gia thuyét da cho va tim mot bicu thitc lién hé giita cac bién.

(e) St dung két qua (d) dé xay dung cong thitc tinh thé tich 13 ham mot bién.

(f) Giai xong bai toan r6i so sanh vdi cau tra 161 uée lugng ¢ phan (a).

8. Gia stt mot tam nhién liéu c6 dién tich 1200em? dung dé lam thanh mot hinh hop co6
day 1a hinh vuong va khong c6 nip, tim thé tich 16n nhat c6 thé duge ciia hinh hop.

9. Mot hinh hop c¢6 day hinh vudéng véi phan trén tréng co thé tich 1a 32000em?. Tim
kich thude ctia hinh hop sao cho nhién lieu dung bé nhat.

10. (a) Chiung minh rang trong tat ci cac hinh chit nhat c6 dieén tich bang nhau, thi
hinh vuong c6 chu vi nhé nhat.

(b) Chting minh ring trong tat cd cac hinh vuong c6 chu vi bang nhau thi hinh chit
nhat c6 dién tich 16n nhat.

11. Mot container véi phan trén tréng c6 thé tich 1a 10 m3. Do dai ciia day gap doi chiéu
rong. Nhién lieu dung lam phan diy c6 gia 1a 10 trén mot mét vuong. Nhién lieu dung
lam phan bén c6 gia la 6 trén mot mét vudng. Tim chi phi thap nhat dé lam container.
12. Tim diém trén elip 422 4 y? = 4 sao cho khoang cach tit diem d6 dén diém (1,0) l6n
nhat.

13. Tim, chinh xac dén hai s6 thap phan, toa do diém trén duong cong y = tanz gan
v6i diém (1,1) nhat.

14. Tim kich thude ctia hinh chit nhat sao cho né c¢6 dieén tich 16n nhat noi tiép trong
mot tam gidc déu c6 canh 1a L néu mot canh ctia hinh chi nhat nam trén day ctia tam
glac.

15. Tim kich thudc ctia hinh chit nhat sao cho dién tich 16n nhat ma né c6 day trén
truc hoanh va hai dinh d6i nhau mot dinh nam trén truc hoanh va dinh kia nim trén
parabol y = 822

16. Mot hinh tru tron ding noi tiép trong mot hinh cau c6 ban kinh 13 r. Tim dién tich

16n nhit c6 thé dugce ciia hinh tru.

2.2.7 Céc ting dung trong kinh doanh va hoat déng kinh té
Vi du 2.2.24. Mot cong ty thiét lap gia (theo usd) ctia s6 sdn pham x v6i cong thitc

C (x) = 2600 + 22 + 0,001z%.
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(a) Tim gi4, bién té, gia trung binh ctia 1000 san pham, 2000 san pham va 3000 san pham. (b)
Miic do san xuat nhu thé nao dé gia trung binh sé gidm, va gia tri nhé nhat cla gia trung binh
nay la bao nhiéu?

Giai:

(a) Ham chi phi trung binh la

9
¢ (x) ? 424 0.001z.

o
—~
8
~—
Il
I

Ham bién té
C' (x) = 2 + 0.002z.
Ching ta st dung cac biéu thiic trén dé tim gia tri trong céc bang sau, cho gia, gia trung binh

va bién té (theo usd, usd trén san pham, lam tron gan dong xu nhat).

X C(x) c(x) | C'(x)
1000 | 5600.00 | 5.60 | 4.00
2000 | 10600.00 | 5.30 | 6.00
3000 | 1756.00 | 5.87 | 8.00

(b) Déi v6i gia tri nho nhat clia gia trung binh chiing ta phéi ¢6 Bien té = gia trung binh

2
C(z) =c(x) & 24 0.002z = % + 2+ 0.001z.

2600
-

Nhu vay 22 = 250 — 2600000 va & = /2600000 ~ 1612.

0.

Phuong trinh nay suy ra 0.001z =

Chiing ta thay ring cip do san pham thic té cho mot gia tri nhé nhat, chi y rang ¢’(x) =
5200/2% > 0, vay nén ¢ quay bé 16m vé phia trén trong toan tap xac dinh ctia n6. Gia tri nho

nhat ctia gia trung binh 1a

2600 ,
c(1612) = 1612 +2+0.001 (1612) = $5.22/san pham.

Vi du 2.2.25. Xac dinh miic do san lugng sao cho sé dat gia tri 16n nhat vé 1¢i nhuan v6i ham

chi phi va ham nhu cau dugc cho
C (v) = 84 + 1.26z — 0.012* + 0.00007z* véi p(z) = 3.5 — 0.01z.

Giai: Ham loi ttce 1a

R(z) = zp(x) = 3.5z — 0.012?



52

nhu vay ham lgi ttc bien la R'(z) = 3.5 — 0.02z. Va ham bien té 1a
C' (z) = 1.26 — 0.02z + 0.000212>.
Nhu vay, lgi tiic bién bang bién té khi

3.5 —0.022 = 1.26 — 0.02x + 0.002122.

[ 2.24
T = ~1
0.00021

Déi v6i viee kiém tra gia tri 16n nhat nhan dudc tai day ching ta tinh dao ham cip hai

Giéi ra ta dugc

R’ (z) = —0.02C" (z) = —0.02 + 0.00042z.

Nhu vay, R"(x) < C"(x) v6i moi > 0. Ta c6 san lugng khoang 103 san pham sé cho lgi nhuan

16n nhat.

Vi du 2.2.26. Mot quay tap hoa ban duge 200 den DVD trong mot tuan véi gia 350USD moi
chiéc. Mot sieu thi diéu tra cho biét méi lan tra ha gia 10USD dé mua, s6 san pham ban dugc
sé tang 20 san pham trong mot tuan. Tim ham nhu cau va ham loi tie. Can phai ha mot lugng
gi4 bao nhiéu dé ctta hang thu dugc lgi tic 16n nhat?

Giai: Néu z 1a s6 den DVD ban dugc trong mdi tuan, khi d6 méi tuan lugng den ban dudc
tang x — 200. Dé luong ban dude ting 20 san pham thi gia phai giam 1a 10USD. Nhu vay thém

mot san pham béan duge thi s6 tién thu vé sé gidm 1a 1/20.10 va ham nhu cau nhan duge 1a
10 1
p(z) = 350 Qo(x 00) = 450 5%

Ham lgi tic la

1
R(x) = xp(x) = 450z — 51:2.

Tu R'(z) = 450 — = ta nhan duge R'(z) = 0 khi z = 450. Gi& tri x nay cho mot gia tri 16n
nhat, c6 thé kiém tra bang dao ham cap hai (don gidn do thi cia R(x) la mot parabola quay

bé 16m vé phia dudi). Gia tuong ting 1a
1
p(450) = 450 — - (450) = 225,

Va sb tien ha 1a 350 — 225 = 125. Nhu vay dé dat dugc 1oi tiic cuc dai quay tap héa phai ha
gia 125USD.
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BAI TAP

1 - 2. V6i mdi ham chi phi (tinh theo do la), tim (a) gi4, gia trung binh, va bién té cta
san lugng 1000 san pham; (b) sdn lugng dé gia trung binh dat cyc dai va (c) sdn lugng

dé gia trung binh dat gia tri nhé nhat.

1. C(x) = 1600 + 200z + 42/ 2. C(x) = 10000 + 340z — 0.32* + 0.0001z>.

3 - 4. Cho mot ham chi phi.

(a) Tim ham chi phi trung binh va ham bién té.

(b) Stt dung do thi clia cac ham trong phan (a) thiét 1ap san lugng sao cho gia trung
binh dat cuc dai.

(c) St dung tinh toan tim gia tri nhé nhat cta gia trung binh.

(d) Tim gia tri nhd nhat ctia bien té.

3. C(x) = 370 + 5z — 0.042? + 0.00032°. 4. O(x) = 339 + 252 — 0.0922 + 0.00042°.

5 - 6. V6i ham chi phi va ham nhu cau da cho. Tim san lugng sao cho 1gi nhuan 16n
nhat.

5. C(x) = 680 + 4z + 0.012%;  p(x) = 12x/500.

6. C(z) = 16000 + 500z — 1, 62 + 0.004x3; p(x) = 17007x.

7 - 8. Tim san lugng tai thoi diém ham bién té bt dau ting.

7. C(x) = 0.0008z% — 0.722% + 325.3x + 78000.

8. C(z) = 0.001z3 — 0.842? + 4162 + 55000.





