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Chuaong |
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Muc tieu
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Chuaong |
PHUONG TRINH VI PHAN

Muc tieu
Cac mé hinh phuaong trinh vi phan thuong gap.
Khai niém phuang trinh vi phan va cac khai niém di cung.

Khai niém truong cé hudng va (ng dung cua truong cé
hudng vao phuaong phap Euler.

Khai niém phuong trinh vi phan tach bién va phuang phap
giai.

M6t s6 ing dung clia phuang trinh tach bién trong thuc té va
viéc giai cac mo hinh phuong trinh vi phan.
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1 Mo hinh cac phuwong trinh vi phan.

1.1 M6 hinh su gia tang dan so.

+) ¢ la thoi gian (bién doc 1ap),
+) P 1a s6 lugng ca thé cla khu dan cu (bién phu thudc).

Ty 18 phat trién cla dan so6 1a dao ham dP/dt. V6i gia dinh su
phat trién dan so ty 1é vai s6 dan duogc cho bang phuaong trinh
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dt
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1 Mo hinh cac phuwong trinh vi phan.

1.1 M6 hinh su gia tang dan so.

+) ¢ 12 thai gian (bién doc 1ap),
+) P 1a sb lugng cé thé cla khu dan cu (bién phu thudc).

Ty 18 phat trién cla dan sb la dao ham dP/dt. V6i gia dinh su
phat trién dan so ty 1é vai s6 dan dugc cho bang phuaong trinh

dP
~ — kP (1.1)
dt

véi k 1a hang sb ty 1é.
Phuong trinh (1.1) 12 mé hinh thi nhat cla ching ta déi véi su
gia tAng dan so.
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R rang rang, néu chung ta cho P(t) = Ce* thi

P'(t) = C(keM) = k(Ce*) = kP(¢).

Nhu vay, moi ham e-mi cé dang trén la nghiém cla phuong trinh

(1.1).

PH Duy Tan 3 Khoa KHTN



Pang Van Cudng Toan cao cap A2
R rang rang, néu chung ta cho P(t) = Ce* thi
P'(t) = C(keM) = k(Ce*) = kP(¢).

Nhu vay, moi ham e-mi cé dang trén la nghiém cla phuong trinh

(1.1).
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Néu K 1a kha nang chita dung cla dan cu thi s6 lugng ca thé
phai dong thdi thda man:
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Néu K 1a kha nang chita dung cla dan cu thi s6 lugng ca thé
phai dong thdi thda man:
+ 92 ~ kP(t) néu P nhd (Ban dau, toc do phat trién ty 16 véi P.)
+ ‘é—f < 0néu P(t) > K (P gidm néu né vuot qua K).

M6 hinh dan gian két hgp chat ché ca hai gia dinh dudc cho béi
phuong trinh

d—P:kP(1—£> (1.2)
dt K
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Néu K 1a kha nang chita dung cla dan cu thi s6 lugng ca thé
phai dong thdi thda man:
+ 92 ~ kP(t) néu P nhd (Ban dau, toc do phat trién ty 16 véi P.)
+ ‘é—f < 0néu P(t) > K (P gidm néu né vuot qua K).

M6 hinh dan gian két hgp chat ché ca hai gia dinh dudc cho béi
phuong trinh

d—P:kP(1—£> (1.2)
dt K

Phuong trinh (1.2) dudc goi la phuang trinh vi phan Logistic, no
dugc dua ra, vao nhirng nam 1840, bdi nha toan hoc Dutch va
nha sinh vat hoc Pierre-Francois Verhulst.
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1.2 M6 hinh chuyén dong ctia con lac 16 xo.

Néu 16 xo dugc kéo ra (hodc nén lai) = don vi so vdi dd dai can
bang thi né tac dung mot luc ty & véi x

luc dan hdi = —kax
§ day k 1a mé hang s6 duong (dudc goi 1a hé sé dan hdi 10 xo).

Khi d6 theo dinh luat Newton Il (Iuc bang khoi lugng nhan véi gia

toc), ta co
d*z

Chuing ta cé thé viét phuong trinh (1.3) duéi dang

d?x
dt?
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1.3 Phuong trinh vi phan.

Trong truding hop tdng quat, modt phuang trinh vi phan 1a mot
phuong trinh chira mét ham chua biét va mot hoac nhiéu cac dao
ham cua no.

Cap cla phuaong trinh vi phan 1a cap cla dao ham cao nhat
xuat hién trong phuong trinh.

Mot ham f dugc goi la mot nghiém clia mot phuong trinh vi
phan véi bién doc 1ap = néu ta cé ménh dé ding khi thé y = f(x)
va cac dao ham cua nd vao phuong trinh. Thuang thi nghiém cla
moét phuong trinh vi phan la mét ho ham.

M6t phuong trinh vi phan thda man moét diéu kién ban dau
y(zo) = yo duoc goi 1a mot bai toan gid tri ban dau.
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Vi du:
(a) Phuong Logistic

dP P
Z —kP(1-2).
dt ( K)

P = P(t) la &n ham, t 1a bién doc 1ap, k, K 1a cac hang s6.
Phuaong trinh Logistic chita cap dao ham cao nhat 14 cap 1 nén

nd la la mét phuong trinh vi phan cap 1.
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Vi du:
(a) Phuong Logistic

dP P
“ —kP(1-2).
dt ( K)

P = P(t) la &n ham, t 1a bién doc 1ap, k, K 1a cac hang sb.
Phuong trinh Logistic chita cap dao ham cao nhat 1a cap 1 nén
né la la mét phuong trinh vi phan cap 1.

(b) Phuang trinh bién dd chuyén déng cla con lac 16 xo

d?x

x = z(t) 12 4&n ham, ¢ 1a bién doc 1ap, k 13 hang s6. Phuong trinh
nay chira cap dao ham cao nhat 1a cap 2, nén né 1a mét phuong
trinh vi phan cap 2.
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Vi du: Chi ra réng bét ky phan t& clia ho ham y = 1<% 1a mét
nghiém clia phuong trinh vi phan ¢ = 2 (y? — 1).
Giai: Chung ta st dung quy tac thuong dbi véi dao ham dé biéu
dién y

(1 — ce)(cet) — (1 + cet)(cel) 2ce

o = (1 — cet)? B (1 —cet)?

Thay y vao vé phai clia phuong trinh vi phan trd thanh

L, 5 1 1 + cet 2
R —1) = - —1
2(y ) 2 (1—cet) }

Ta suy ra diéu phai chirtng minh.
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Vi du: Tim mét nghiém cua phuong trinh vi phén

y == (v*—1)

1
2

thda man diéu kién ban dau y(0) = 2.
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Vi du: Tim mét nghiém cua phuong trinh vi phén

y == (v*—1)

1
2

thda man diéu kién ban dau y(0) = 2.

Giai: TU Vi du trén, thé gid tri t = 0 va y = 2 vao céng thiic
y = 2% ta nhan dugc

1+ ceY 1+c
2 = — — Cc =

1
1 — ce 1—c¢c .

Nhu vay nghiém cla bai todn gid tri ban dau 1a

B 1-|—%€t_3—|—et

1—%675 3—et

Y
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2 Trvong co huong.

Xét phuang trinh vi phan bac nhat dang

y = F(z,y),
VvGi F(z,y) |a mot biéu dién nao dé theo z va .
Phuang trinh vi phan nay chi ra rang hé s6 géc clia dudng
cong nghiém tai (x,y) la F(x,y).

Néu chiing ta vé céc doan thang nhd véi do doc (hé sb goc)
F(x,y) tai cac diém (z, y), két qua nhan dugc dugc goi la mot
truding c6 huéng (hodc truding hé sé géc) clia phuong trinh
y = F(z,y).
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3 Phuwong phap Euler (Phwang phap so).

Xét bai toan gia tri ban dau bac nhat tong quat

y' = F(z,y), Yy (z0) = Yo.

Muc dich cla chuiing ta 1a tim mét gia tri xap xi doi véi nghiém tai
cac phén tif cach déu nhau xo, 1 = x0+ h,x2o = x1 + h, ..., 0
day h 1a dudc goi la bé rong cla budc.
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3 Phuwong phap Euler (Phwang phap so).

Xét bai toan gia tri ban dau bac nhat tong quat

y' = F(z,y), Yy (20) = Yo.

Muc dich cla chuiing ta 1a tim moét gia tri xap xi doi v&i nghiém tai
cac phén tUr cach déu nhau xo,r1 = o+ h,x9 = x1 + h, ..., 0
day h la dugc goi 1a bé rong clia budc.

Va Y
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Phuong phéap Euler - Xap xi nghiém

y1 = yo + hF'(xo, yo).
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Phuong phéap Euler - Xap xi nghiém

y1 = yo + hF'(xo, yo).

Tuong tu: yo = y1 + hF (x1,y1) -
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Phuong phap Euler - Xap xi nghiém

y1 = yo + hF'(xo, yo).

Tuong tu: yo = y1 + hF (x1,y1) -

Tong quat

YUn = Yn—1 T hF (Cljn_l, yn—l) .
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bang Van Cuang
Phuong phéap Euler - Xap xi nghiém

y1 = Yo + hF (o, yo)-
Tuong tu: yo = y1 + hF (:Ul, yl) .

Tong quat

Un = Yn—1 T hF (xn—ly yn—l) .

¥ A

X, v
hFi(x,. vy
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Vi du: Sir dung phuong phap Euler véi bé rong budc 0.1 dé xay
dung mot bang cdac gid tri xap xi doi vai nghiém (0, 3) cla bai
toan gia tri ban dau

y=r+y y(0)=1

Giai: Chungtachoh =0.1,z0 = 0,90 = 1va F (z,y) = = + v.
Khi do ta co

y1 = yo + hF (x0,y0) =1+0.1(0+1) =1.1
yo =vy1 + hF (z1,y1) =1.14+0.1(0.14+1.1) = 1.22
ys = y2 + hF (x2,y2) = 1.22 4 0.1 (0.2 4+ 1.22) = 1.362

Piéu nay c6 nghia néu y(z) 1a nghiém chinh xac thi
v (0.3) ~ 1.326
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Tiép tuc tinh toan tuwong tu, ching ta nhan dugc cac gid tri trong
bang

Yn Yn
1.100000 . 1.943122

1.220000 . 2.197434
1.326000 . 2.487178
1.528000 . 2.815895
1.721020 : 3.187485
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4 Phwong trinh tach bien.
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bang Van Cuang

4 Phwong trinh tach bien.

Phuong trinh tach bién la phuong trinh ¢é dang
M (x)dx + N(y)dy = 0

trong dé M, N la cac ham lién tuc trén (a,b) C R.
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4 Phwong trinh tach bien.

Phuong trinh tach bién la phuong trinh ¢é dang
M (x)dx + N(y)dy = 0

trong dé M, N la cac ham lién tuc trén (a,b) C R.

Ta co

(4.1) <= d M M (z)dz + yj N(y)dy] =0

x Y
< / M (z)dx + N(y)dy =C
0 Yo

VGi 0, =, 0,y € (a,b) va C 1a hang so.
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4 Phwong trinh tach bien.

Phuong trinh tach bién la phuong trinh cé dang
M (x)dx + N(y)dy = 0

trong d6 M, N la cac ham lién tuc trén (a,b) C R.

Ta co

(4.1) <= d Uxo M (z)dz + y: N(y)dy] =0

z Y
— / M (z)dx + N(y)dy = C
o

Yo
VGi 2o, z, Yo,y € (a,b) va C 1a hang so.

Vay nghiém téng quéat clia (4.1) 1a [ M (z)dz + [ N(y)dy = C.
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Vi du: (a) Giai phuang trinh vi phan % = 5;—;

(b) Tim nghiém clia phuang trinh nay thda man diéu kién ban
dau y(0) = 2.
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Vi du: (a) Giai phuang trinh vi phan % = 5;—;
(b) Tim nghiém clia phuang trinh nay thda man diéu kién ban

dau y(0) = 2.

Giai: (a) V&i didu kién y # 0 phuong trinh da cho dugc viét lai

y2dy = xdx.

Tich phan téng quat (nghiém tong quat) clia phuong trinh

1 1
/dey — / r’dr < gy?’ — gw?’ = (),

vGi C 12 hang so.
(b) Thay z = 0 va y = 2 vao cong thiic nghiém téng quat ta nhan
dugc C = £. Vay nghiém can tim la y® — 2% = 8.
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Vi du: Giai phuaong trinh vi phan g—g — %

Giai: V&i gia thiét 2y + cosy # 0 phuong trinh dugc viét lai
(2y + cos y)dy = 6z°dy.

Nghiém tong quat (tich phan téng quat cla phuang trinh) dugc
xac dinh

/(2y + cosy)dy = / 6x’dr < y° +siny — 2z° = C,

vGi C' 12 hang so.

PH Duy Tan 18 Khoa KHTN
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5 Mot so trng dung clia phwong trinh tach
bien.

5.1 Quy dao truc giao.
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