TICH PHAN PUONG
Trong muc nay chung ta sé€ dinh nghia mot tich phan ma no twong tu nhu tich
phan mdt 10p, chi c6 mdt su khac biét nho: thay vi trong tich phan mét 16p chung ta
xét tich phan trén mdt khoang [a,b] thi trong tich phan nay chiing ta xét tich phan
trén mot duong cong C.
Tich phan ma chung ta dé cap ¢ trén duoc goi 1a tich phan duong.
1. Tich phin dwong trong mdt phing
Cho mdt duong cong phing C cho bdi phuong trinh tham sd:
x=x({), y=y({), at<b.
Noi cach khac, duong cong phang C cho boi phuong trinh vecto:
F(t) =x(t)i + y()]

Chung ta gia str thém rang C 13 mot dudng cong tron.
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+. Chia khoang tham s [a,b] thanh n khoang nho [t ,,t.] c6 do dai bang
nhau, va goi X, = X(t.), Yy, = y(t). Khi 4y diém P(x,,y,) chia duong cong C thanh n

doan cong nho vo6i do dai 1an luot 1a; AS,, AS,, AS,, ...., As, (xem hinh v€ trén)



+. Trén doan cong nho thir i ta chon mot diém batky P°(X,y,) (twong tmg ta
c6 diém t trong [t ,,t.]).
+. Néu f 12 mot ham hai bién c6 mién xac dinh chira duong cong C thi ta co

thé 1ap dugc biéu thirc:

L]

S f(xE.vE) As;

Biéu thirc & trén twong tu nhu Téng Riemann ma chiing ta da biét trong tich

phan mot 16p.
n
+. Néu lim {Z f(x, yi*)ASi:| ton tai thi gioi han nay duoc goi 1a Tich phan
nN—o0 =1

Puong ciia f doc theo C. Ky hiéu la: J. f(x,y)ds.
C

Nhu vay ta co: f f(x,y)ds= Iim{z f(x, yi*)Asi}
C Nn—o0 )

* Trong tich phan mot 16p, chiing ta da biét dugc do dai cua dudng cong C

duoc xac dinh bdi biéu thuc:

rE dry 2 {.':_'I.' y 2
L=,y \ar) ) @

Do d6, néu f 13 mot ham lién tuc thi gi61 han trong dinh nghia trén s€ ton tai

va duogc tinh bdi cong thirc sau:

[ o b fde N fdy
Jc_ﬂ.r. y)ds = l.. Flxle), win) \ t:l + |: ?| dt

Gia tri cua tich phan trén khong phu thudc vao tham sb ciia dudng cong nhung
phai thoa man diéu kién rang vét cia duong cong chi tao nén mot lan khi gia tri tham

s t tang tir @ dén b.



* Néu C 1a mot doan thang ndi cac diém (a,0) va (b,0), thi bang cach dung
x lam tham sd ching ta c¢6 thé viét lai phuong trinh tham s cia C nhu sau: X=X,

y=0 va a<x<b. Khi 4y cong thic tich phan dudng & trén trd thanh:

~ . mh ) )
| flx.y)ds =| flx.0)dx
i o

Nhu thé trong trudng hop nay tich phan duong quy vé tich phan mét 1op ma
chung ta da biét.

* Trong trudng hop f(X,y) >0, thi tich phan duong j f(x,y)ds biéu dién
C

dién tich cua mot phia cua “hang rao” hodc “man cua”. Trong do C la day va

f (X,y) chinh la d0 cao (xem hinh v€ minh hoa dudi day)
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Vi du 1: Tinh tich phan I(Z +x?y)ds v&i C 1a nira trén dudng tron ban kinh
C

bang 1 ¢6 phuong trinh x* + y* =1.
Gial.

bat x=cost y=sint 0<t<r



i : dx dy
2+ x2y)ds = | (2 + cos?ts nt\/—2 22t
i( +x%y) !( + int), ()" + ()

(2 + cos® tsint)y/sint + cos’t dt

Oty Oty

= [(2 + cos® tsint)dt
cos’t 2
=[2t — T =2r+—
[ 3 Is 3
- x+ .1': =]
___':_‘-' =0
- "nz

* Chti y: Néu C 13 mot dudng cong tron timg manh, ¢ nghia C 13 hop cua

mdt s hiru han cac dudng cong tron C,, C,, ..., C_ (xem hinh v& minh hoa dudi
day)
Va4
Cs
- e tl——e
C‘? \ _/"--- >
{ . ”JE:
- -~ L]
I.-"/?'E*J
T -
C,
0 X

Khi do ta ¢o duoc:

r flx, v)ds = f flx, v ds + [ fla,vyds + -+« + [ flx, y) ds
c Jo Jo Ca

& al



Vi du: Tinh tich phéan IZX dsvéi C chira cung C, cua parabol y = x?tir (0;0) dén

A(1;1) sau d6 thang dung theo C, tir (1;1) dén (1;2)
Giai.

(0, X

0 0
j2xds = J.Zx\/(%)2 + (ﬂ)2 dx = IZXx/1+ 4x* dx
:, 1 dx dx 1

55 -1
6

(L+4x°)" ], =

oo||\>

1
4

2xds:12(1)( )+(dy) dy = 2dy 2
Jouds=]

_[Zxds_ j2xds+ j2xds
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* Thé hién Vat Ly cua tich phan duong phu thudc vao thé hién Vat Ly cua
ham f . Chang han, gia st p(x,y) 12 mat do tuyén tinh tai diém (x,y) ctia mot ddy
kim loai ¢6 dang nhu dwong cong C. Khi d6 téng khdi lwgng m cua day kim loai

duoc tinh boi cong thire:



i .
m= lim 3, p(x, ') As; = !r plx, y) ds
A= iy JC

Khi ay toa do trong tdm cua day kim loai dugc xac dinh bai:

_ 1 I* (x.v)d _ 1 I* (x.v) d
x=—/| xpix, v}ds v=—/| vplx,v)ds
Mo L. ; M oJo” :

* Trong dinh nghia I f(x,y)ds= Iim{z f(x,y;)As, } , néu ta thay As, bang
C n—o0 i1

AX, =X, — X, hodc Ay, =Yy, — Yy, , thi ta s€ nhan dugc hai tich phan duong khac.

Chuing duoc goi 1a Tich phan Pudng cia f doc theo C d6i voi X va y:

. n
lc_f'{.r. vide = lim ¥, f(x®, v Ax;

A=

“, "

-I-: flx.v)dy = lim 2 f(xF, ) Aw

A—m I.-I

Dé phan biét voi 2 tich phan trén, ching ta goi I f (X, y)ds la tich phan duong
C
d6i voi do dai cung,
Ta co duogc:

" flr, y)dxe = "b_ﬂ'.ﬂr'l. v x"(z) di
C Ja

l‘-:: flx, v)dv = i‘f’j'l'.r{r'l. v v'e) de
Khi két hop 2 tich phan trén chung ta c6 duge biéu thirc sau day:
r_ Plx, v)dx + r MNx, vy dv = r Plx, v)dx + Qx. v) dy
oSO JC ST
2. Tich phédn dwo'ng trong khéng gian

Gia st C 1a duong cong tron trong khong gian cho bdi phuong trinh:

x=Xx(t), y=y(@), z=z(t), at<b.



Cho f 1a mdt ham ba bién lién tuc trén mién xac dinh chira duong cong C,
khi do chung ta cting dinh nghia duogc tich phan duong cua f doc theo C tuong tu

nhu truong hop C 1a duong cong phang, cu thé:

*

| flx, v,z ds = lim E flxF. v 25 As

A= I-I

Va chung ta cling c6 dugc cong thirc tinh trong trudng hop nay la:

|: Cdy ! - |: Cdz

" » L I||:_ "|
‘llf_;l“i'_w.;-. z) ds = J:_f'{.ﬂx}.;.{r}. (1)) .\' ﬂ%l — | dt

* Nhan xét:

(i). V& phai cua ca hai cong thirc tinh tich phan duong (trong mét phang va
trong khong gian) chiing ta c6 thé két hop thanh mot cong thiic theo ham vecto nhu
Sau.

l“h_r‘{ r()| e'{(r) | de

i

Voi truong hop f =1 chung ta nhan duoc:

[(ds=["|r]dr=1
Trong do L la d6 dai ctia duong cong C.
(ii). Ta c6 thé xac dinh duoc:

_| flx, v, z)dz = lim 2 flxi v, zi) Az

A—m I-

- l Flx(e), vin), z(e)) 2'(2) di
Nhu thé chiing ta co thé viét lai biéu thic tich phan dwong nhu sau:

"" Plx,v.z) dx + QMx,v. z) dv + Rix, v, z) dz

il



Vi du: Tinh j ysinzds véi C 1a dusng xoédn d¢ dugc cho boi

X= cost,y= sint,z=t,0<t< 2x
Giai.

jysin zds

—I(smt)smt\/( )2+ dy) (%)Zdt

= J'sm tx/sm t +cos’t +1dt

27
= «ﬁj %(1— cos 2t)dt
0

= Q[t “Lsin 2t =2x
2 2
BAI TAP
1. Tinh tich phan duong vé1 C 1a duong cong da dugc cho

@). [yds, véi C:x=t? y=t,0<t<2.

C

(b). :(%)ds, voi Cix=t* y=t°, i<t<1.

C

(). .Xy4dS , vOi C 1a nira bén phai ctia dudng tron x° + y* =16.
C

(d). j xydx + (X — y)dy, voi C gdm 2 doan thang tir (0,0) dén (2,0) vatir (2,0) dén
C

(3,2).



(e). I sinxdx +cos ydy voi C gdm nira trén cia dudng tron x°+y* =1 tir (1,0) d&én
C

(-1,0) va doan thang ndi (-1,0) voi (-2,3).

(). jzdx+ xdy + ydz, voi C:x=t*, y=t* z=t* 0<t<1.
C

(9). j zdx + xdy + ydz, véi C 1a duong gom 2 doan thang tir (1,0,1) d&én (2,3,1) va tur
C

(2,3,1) dén (2,5,2).

2. Tinh tich phan duong jF.dl’ voi C dugc cho boi ham vecto r(t).
C

@). F(x,Y)=x*y% - yJXj r(t) =t% —t3 0<t<1
(b). F(X,Y,2)=yzi+ Xzj+ xyk r(t) =ti+t’j+t°k 0<t<2
(€). F(X,y,z)=sinxi+cosyj+xzk  r(t) =t —t*j+tk 0<t<1
(d). F(x,y,z)=zi+yj—xk r(t)=ti+sintj+costk 0<t<rx

3. Dung dinh 1y Green dé tinh tich phan duong doc theo dudng cong duoc dinh

hudng duong cho trudc.

(@). Ieydx+ 2xe’dy, C 1a hinh vudng c6 cic canh bénla x=0, x=1, y=0, y=1.
C

(b). j x2y2dx + 4xydy, C 1a tam gidc véi cac dinh (0,0), (1,3), (0,3).
C

(). I(y + eﬁ)dx +(2x+cosy?)dy, C 1a bién cuia mién bi chin béi cac parabol
C

y=x>, x=y°.

(d). J xe 2¥dx + (x* + 2x?y?)dy, C 1a bién cua mién nam gitra cac duong tron
C

X°+y =1va x*+y*=4.



(e). .[ yldx — x°dy, C la duong tron x>+ y* =4,
C

(f). jsin ydx + xcos ydy, C laelip X* +xy + y* =1.
C



